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games, sports and gambling. ';vitsn real life data
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correct question and then tg agolu E%A‘

Having Kfo a; i is Taterial, I have
experimel{BvH eplofvdifferent versions of the course. Qfte
I have als et the interests of that parti g w
development of course material.gSo W‘e d
sports than es-and %zﬂ?@ site. Eventually,
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%s text is E &W&l prin-

a C f th ga ch or play. These include,
B, any of the presently ver bling
ga ere we will bulld the lavvs ‘E of the

fundamental co orts will

the onc t atlstlcs We hope to use
the% nstrate what statlstlcs is me hy
such #deas are useful and how these i ally,
we shall consider . Rﬁ ch’as card
tricks sed e studled from a math-

emathﬁ ese other games and diversions eplu
to de trate addltlonal mathematical
kept as close to real-life EV
hbert1esB OQKJP
The hope is that these real and un IEW
reader a broader app vRﬁ thelprimciple
1y,

underlym c , it will also be
fun to con - play

Exercises eachP E¥ booé might
serve as a t to help the reader understand

the various
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2 Mathematics in Games, Sports, and Gambligg

B are is a I‘lCh and i eople play.
b 1n e ur1es orm of dice has
and Slmerlan archeological sites.

r board” type games abylonian
and early Egyptlan tes W d Romans
all b o ha

\‘@ he mathematlcal stor s much
olamo Cardano (1501— to write
about the ma e RE ... before
onside ta number of outcomes and
of*casts that would prod tcome
at are unfavorab mutual

wagers b lal E (see
ti remains a Workmg de 1t1on

Da.D

E tunately, his writings_on e not

published untll nearly a cent V}"ﬁ

thls time, other ertLP dice games
“ alileo considered some questions 1nvoy/1ng

—=\\E
B8O (&
BO!

* J

FIGUREB irolamo Cardano (Image FEV‘ w

mathematic @ es ecially dice games. Writing in
Concermng 1gation of che (Sopra le Scoperte dei Dadi), he
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Basic Probability 3

began considering th iﬁ articular, he

not d s t ssible when two or

' ed al d u h OW many w rious sums

- OC [36]). These were Wproportion
process noted Wd? W‘

—mwa A '

Bu®
FIGURE 1.2: Galileo K PREV ‘Ew
OQSt to be caught up in gamblin om-
baud he Chevaher de Mere (1607—1 ‘AE r
with a great deal p ] Rﬁ hévalier
de Méré fr1 1ds began calling him by
that na ience raised questions and he wondere
about p le explanatlons (mathematical in n
tions. Accounts vary somewhat as Vt agke
about gambling, gamp‘wR able suc-
cess was olh g at'least one six in four rolls of

a die. SOBC e [14], [32]) say because of
game, he reasoned that bettlng on 0
two dice should alsg be , 1zed

through playing e a v sm at he was not doing
well with thi§ g
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4 Mathematics in Games, Sports and Gambling

Other accounts (see e Problem of
Po nts (s t n 1 al f air division in an
is how to d1v1de t p izegfairly based

nt scores, When a a leted. The
Problem of P01 ts aLuea Paccioli, a
nd friend of Leonardo da

B cc1oh iS now known S rrof modern
ing. Thus the probl f the best
scholars.

BO - N

ricul 15 BIdeﬁ REV&\EW

Whatﬁ hering de Méré is not completely clear,
from th erature, but what is clear 1s that in
de Méré asked his frlend the well-k 1 se P

to help him u bot sca clearly
took an 1 01n as Well as the other dice

games me ov and in a series of letters wi
mathematlclan Pierre de Fermat, de
explained. In th %of east

ep ce
finally form on to develop his famed
triangle and omial dlstrlbutlon (see Sections 3.2 and 3.3
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Basic Probability 5

for more information) V ‘ w
GQVKdy tPa question.

2.1 Why was

6‘( _ _.r\n\:W

Vikipedia.)

FIGlg]O KermP(I

‘We postpone a dlscuss1on of th olnt ﬁ

To understand he r er al de Mere
pro

at ematlcal setting. This

questio

setting ample space. The sample space is just the ge
of all possi le outcomes of a certaln experlme

the first experlment la EV

four time

Each t are six poss,1ble outcomes
assummg 1r we w1ll WOrry about un w
outcomes, Whlch form the sanip{ W}

We also not, “ epeat P ependent events.
at

That is, th happened on previous rolls
has no effec ext roll. When events are independent, there is
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6 Mathematics in Games, Sports and Gambling
a nice way to count Wpen. This is

Céﬁcgwam

B The Multipl EW can be per-
formed in an r e ways, then the
“@ performi and then task 2 is the product

le r 0 outcomes for flip-

any ﬂ1p we can elther or a
ecause there are two Wthe two
ﬂlpS the Multipli R}E 0 uteonies to this

‘w isting the possible outcomes
ered puirs (

(H,T) o

can plcture the Mul ‘: tree di-
agram (see Fig & nt before we
petfo ' e points ,n correspond to the
chda r_bas for each outcome 1 fro re m
choices for task 2 labeled (7,1 V ‘SE
possible o “0 PR

RO Y

(1,1) (1,2) (Im) (2,1) 2,2) (2,m) (n,l) (n,2) (n,m)l

A\ AL

FIGUREB@‘ Kor E \\& ion Principle.
Thus, we can actually see t 1ti ECV W
is an imporg‘ hall he rule is not

limited to t ore generally
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Basic Probability 7

Rule 1.2.2. The G 1 1‘:EW For k in-
e de elin ays, the number of
€ .

pmduct ning ...

ems. In the

We can explam &;3
one— e , there are a total of
o S out at s, four rolls of on with six

S P C t

. But how many o one 67 It

1s easier to count t } lowed a 6,
omea and so there are 5b* = 625
¢ v s, the outcomes wit 6 total
671 Thus the no!) of
outcomes w1bK
—— = .5178
1296 > w
ha there are
e in

That is, ther
t least one 6 should mean

B()'K.P \l\ﬁ

W PREVIEW

But what
When a pal t1p ication Principle tells us
that the sa con31sts of 62 = 36 different outcomes (see Table
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8 Mathematics in Games, Sports, and Gambligg

1.1). Of these outco ‘] W&E’) out of the

36 outc r t I us. is fraction then,
B@ double 6s is w

B n alf‘ of the outcomes h n 24 rolls
1r of dlce Thus t ﬂ 2 and we

should expee o) RE
‘ ad news. His reasonl g ad been
! truth could be seen b n of the
am V%u mg t oportion
space.

ple spaces for the two
of favoge Pl
- | at the form of the ace is

should be based on nd the

mforma,tlon needed W, ha g'a pair of
h ve other sample spaces
r 1 adpai of dlce and want to k
rol th our sample space coulﬁE njin “E
BOO TABLE 1.2: The Samp w
ir o

of Sums e 1 a

BOO ol 11576
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Basic Probabzhty 9
Exercises: Rﬁ
K“ hewa Mere expect to d ifghis original
ad only three I What if he
had five roll

e space for a game the out-
e You roll a d1e and t e a choice

tree to verif R
B g @ K; re!esen t comes for the a the pre-
1.2.4 What is e R% awing one card
A dec of Note a standard k will
Wa cards composed of cards,

ace, two, ..., ten Jac
Kﬁ S g one card 1f our deck con-
he earts and all the aces ck?
111 g one
deck7

1.2.6 How large i n
‘e,D glone card fr
1.2. a choice tree to show the possi

S ing
a coin three times. f ing the
Multl
1.2. 8 ee to show the poss1b1e outco
rlment of ﬂlpplng a coin, the
a second coin. USK \\/PR pl
1.3 Probability V) w
an

Now that efine exactly
what we mﬁ obt is*done in the same set theoretic
or

terms that the 1dea of sample space. An event will simply
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10 Mathematics in Games, Sports and Gambling
collection of

be a subset of the s
pos ible Pﬂ t 18 rolhng one die,
‘ ts ingludéiFy or Eg 6 porgFs = {1,6}.
t C B is olhng a6, Whlle eV 4Wumber and

event E3 is rollj
1 } he probability of event FE,
e \I \EW
&t 18, the proba

bility of ust kEWablhtles
of the individeme FQR se_the/ev
@ ' a roll 'an eéven number When rollinggone die
(@ve] farlier). Then as we ar die, we
can compute the prob ilit w\ ividual
probabili Ol
({2,4,6}) = 1/6 + ‘]E
S1m11arly, P R our sample
o i dlce aki g probablhtles easy to deter-

an also use the sample w110e
to see more am @ & atio ble 1.1 we
can s@e 1 e si as there is only one such
outcome i ssible outcomes. What is the probab rolliilg
a total’of 7 with tWO dice? From Table @W
otal R‘W
As an d\ f this idea, again consider our exam
ping a coin two times. We know the sam W
ment consists of exactl
and thus, i o) these outcomes
is equally probablhty of flipping two co
secutive h d be i Note thls equals t V@‘ W
the Multlphcatlon Prln(:lple
rolls.) K P lE
What ha f we now wish to roll three

dice? If W derlng the individual values on the three dice,
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then from the Multlp ‘\ﬁ has 63 = 216
outcom P& ot them all out as we
' ow can we think abeutfthis sample
pably the easiest wa; ice as being
of different col EV‘: we can record the
K P d%on their colors If when we

ells hi

@ ite die is 4 and t , then we
rite this outcome as (6 is le records
of these ordered

that partlc t
red die, white die w
comprlses our sa dWwhat Galileo

IB’ used to record the outc

Now ordered trlples

roll three dice ‘ .
ﬁ e th use of ordered k- tuples

of rding outcomes of mult v ‘
be recorded as P

p, second flip)

and, In general rolling k dice ¢ kﬁW‘his

form of mod e sp R ue t hroughout

the t G

Exerc1ses V ‘D w

1.3.1 C @ @WwPR h possible sum when
at is the probability of drawmg a

deck7 What is the proKhty

deck7

1.3.3 Wh 11 y of drawmg a kmg or a
stan deck7
1.3.4 Flip f k, ow determme
the SB hlS experlment What is the
. Cl

proba y single element in this sample space?
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12 Mathematics in Games, Sports and Gambling
1.3.5 What is the pr at is not an ace

SKﬂrobabﬂlty of drade‘EW not a jack,

queen or kin, fro e
pla game you roll one d1e and you
Wlnmng payments are the table
elow Determlne 1e C t ning pay-

B@O ; HE‘N

BOOKP
PRENIET |

B‘ﬁ SRE VLEW

U
B‘a‘c 1S the probablhty of obtai w
2. What is ‘i Kh 11 n umber,
ba

ility of obtalnmg a taﬂ a n
as large as 3, and a jack, queen o
1.4 The Laws Which Gover Y‘
In this jonftay ﬁ e al laws of prob—

ability. T g e ro ablhty theory mlght sklp t
tion. Thosesjtist learning probablhty will WlSh t

this section.

In the las cti % KgranP or nt rules We
state them B Q
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Basic Probability 13
Rule 1.4.1. The sunﬁREV\ th the sample
@DKMI A probabili

e time that
an outcome shoul OV e ee in summing
the 0 o ?R s me outcome has been

robabili iven.

of an outcome

i rule. Some-
3 he*pro ablhty of the failure
%’ A te as E the standard ent of

t B, rather than computi bilit E r event

Thus resta Kﬂe?\mﬁE
OOR.}-" W

Wthh makes ﬁrﬁK PRE ‘E
RuB4.D. When an experiment has (Wout—
comes, then the probabilitygyof a?VRWé‘Z 5 2

Whi @Kﬂ, hat we have a uniform probabzl—
ity di or we often will just say, a umfo
we have a umform dlstrlbutlon th %E
sible outcomes that sagi , R est 1 0 pute
the pro g a it ha pe ng. ethods of counting will
becomeB ant teeliiqtes and we will spend a great deal of ene y
learning 'counting techniques. Of course, not ob
tions are uniform. ‘

We have e es OB ibution e prob-
ability dis @ ‘ i iased die, or flipping a fair coi
twice are pleg”of uniform distributions. We
assumptions based on this mode V !

Our next rule is eque!P) resses the
need to be a ‘@J t

comes of certain experiments.
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14 Mathematics in Games, Sports, and Gambling
Rule 1.4.4. In a um@t REV‘R ely outcomes,

if some orre hese outcomes, then

1 %Ean‘lhree times. What is the
6 @ ctl two heads?

olutzon Here we need 0 Wple space.

PR o sible outcomes. We

. S Q’ le representmg the 0 he three

sSeShd e must decide ho w exactly

two heads But tk Pﬁ e list of

pos ]‘

Th that there are three such

130 ssesP ZE suih outcomes >< - = 3 O
inspection method w111 bec

t to
do 50 tosses! Thus we ne and in
egin u tlo

. HBO
Rul 5. If E1 and Ey are dzsyomt als
events), then the probabzlz Y
their indiuidu,
Ey) = E1 )+ P(E»).
t m ‘;ﬁ occurs

To see that this rule makes sense

used in set theo tentP\&

in event ven' As these events share

nothing in 1s the same as taking the uni

events to form one larger event. WE‘

probability the su lhtlé?.& even hat
@ appeni

is, P(Fy U g plus the probability
of o happ
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Basic Probability 15

Example 1.4.2. Whati /‘EWT drawing an

B@H have two events, 1 f drawing a

while E5 the event OIP\RE events and
DQ i éEl + P(By) WE‘EW

Q%t is the probability of roil with one
B oK PREVIEW
00K PR REVIEW

ﬁple 1.4.4. What is the g&EWawmg
a king when_dra,

SOZBQ G\K dra‘wmg a spade or drawin g jardnot
excl us, we must cons1der and
ere are

adjust. As there SEVI‘
only B“ nclu 0 amo spades. Now, these two

sive and so

new e

nd our computation becomes ’ '
This ‘QK ngt 1!ea
1.4.1 Depende t P ‘ V \E
t

‘ certainly do have an impa
other even 0 xample before a baseball g W
starting pltcher has a 2% chance ) ;EV ‘
might also P inming the game.
innin

However, th g the game and also pitching
a shutout is b 0, ut stlll more like 2%.
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16 Mathematics in Games, Sports, and Gambling
As another exampl \ ility the next
igyan ;PR“ s have al een dealt? Clearly,
ave already been dealt ghanges the

11 you seek. W
Events like t EV ability of later
&epe ore formally, event A is depen-
robability of A is a eloccurrence
ccurrence of B. lee E we may
‘S Wthh is the

w1sh to con
lso happen
no atlon we Wlll use t
ening given

T f) Sholp ﬁEV?\EW

and Ey be eve ‘Ew

1. P(ELQF

B@ 1 EQ E1 OEQ fO?”

3. P E1 N E2 E1

@@ n us both happen Rule 1.4.6 (1)

really Itiplication Pr1nc1p1e in actlon R
adjustment when events are not e Tt t-
comes contained n t at uell outcomes
are be1 e S utlon to thls double counting
is to su ' oo pability of the common outcomes %

rule reduces to Rule 1.4.5 when the events ar

It is also not difficult to seg,w,
as the pr K safis t of all those
outcomes BQC riting (3) so that we solve, f
P(E, | Eq r that EV ‘ W
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Basic Probability 17

Example 1.4.5. As kﬁwm probability
we_g e r of? e\first e receive?

“ 1 is our first car t Es is our

Second card is an ace. ‘ ever, these

two end cu it is slightly less

ccury He 9 E1 ) denotes the prohability the

an ace, given that th s s, as only

ree aces Would re aln =\1/17. Now,
éQQ P!El E2 | E) EV ‘EW

4 ! How lzk‘ely 18 zt d (first
wz t ree face up

two face down
er:vve have three events i fl e in i is
a card of the flush stor PR ut ai learly
en

" “@ EWT ; | )
“%%mg : E‘SEW

Now, agaln applying Rule 1.4.6 (

= (11/245)(9/48 Ew

K%P REV‘
BOO 0084.

Thus, we see that there i ele REV ‘E.W

I T e
BOO

We end ith another rule that should be obvious.
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18 Mathematics in Games, Sports, and Gambling

Rule 1.4.7. Total P a \ Wevent. If the
sample Kj exclusive then
G 1

)+ P(A| H. V ‘ H,)P(H,).
0 see olds. The various events (sets)
ple pace, t at is, they have common

luswe but their pace. We

ni
can thlnk w m\d A. We
n p ; already, which happens
he

n we add toget rtlons of
varlous H S, we T o‘ he e sample
space that is 1[‘

baseball team notzced

av-
eraged one strzkeout mn_ten V‘t s ( Uemged
one in Si for on th emges were: H3
’/ vemged 1/8, Hﬁ averaged 1
avemged 1/6 and H ag e the
e’uent that someone strikgs o ﬁ ‘

Sol
the

1 =1,2,...,9 and using

@QW\E\J EW..

1/9 [189/120] PREV\ W

Not:BQotal Probability Formula is closel T
Formula (see for example [ 18

Rule 1 .(Q be an event If the sample spa
are mutually exclusive, the W

P(H; | A) =

+PA|H
i=1,2,...,
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Example 1.4.8. Sup X ‘tﬁWe steroids.
rs ut it also falsely
sersias

mng stemzds W t1 probability
1 entzﬁed as takin S€V‘ them?
Q Kn gr the players takin t S stand
O sa

A

e not takmg ster01ds space (the
players are
3 h s1ng ster01ds

BO@K 'U‘S) (SHP\"EW

l&Q Qfootball team determined that ti

counte for 371% of the passes caught ‘E

) accounted for 4 K s aught

by tzgh @ more) while the cor-

respond ot recewers is 4% and for flankers is 12%.
pro ab W

What is ility that a bomb was caught b?;:
Solution: @Q ent EhatE bomb is caught. Let Cr,
Cr and S a pass is caught by a tigh
or slot receiver, respectlvely Thus,

P(Cp) = .21. Fur P .
and P(A |

Now usin dlagram from Figure 1.6 and applying Bayes’
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20 Mathematics in Games, Sports, and Gambling
Formula, we have EV)
| CF)
B P A | ‘E‘ii (A]Cs)

: 'pREV\EW
Bq A‘s DREV\EW

(.37)(.06) = .0222

.04

® (42)(.04)=.0168

[

|__

- Th@WPRE\nEW

Example 1.4.10. A football team \Jﬁw
were by halﬂ)ack W art ck v by
receivers @ noticed or big carries of 10 or
more yard alfbacks, 1% by fullbacks 1

% b
and 8% by receivers. What 1s the pro ‘E
yards was done by a rec

f 0 or more yards. Let Ry,

Solution:
Rp, Rg an e events that a rushing play was done by the
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Basic Probability
halfback, fullback qu recei r‘r WWe seek the
pro b1
= 03 and
e also know th = .01,
AyRQ - 01 B
AR Rp)P(A|Rp)+P( Q‘EW P(A|RR).

NOW T RE
QO%@V \EW
BOOK Faetnew
-8 bKPR

a1 What g t e RQEM ‘EWb

e robablhty of drawmg an 8 and
one card from a standard d E
1.4. 3 &
eHip
eq

ua hkely outcomes?

1.4.4 o\fN;a‘c is m@c@KolP REM \Ew

1.4.5 Whﬁ the probability of rolling do W
dice?

1.4.6 Wha ’.Kﬂlh a total of 8 or doubles when

rolling ir'et dice
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22 Mathematics in Games, Sports, and Gambling
1.4.7 What is the p \rﬁ rolling three
d 0 6 he g three dice? What
0

mg three dice? tgabout no 6s

i
ong 6
olling three d1ce7 ;
1 4. ams ne h n each side, while
hea on one side and a tail on thegother side.
is p1cked at random ip ‘ 0 t
o le

BQ @ bability we get two tails?
9 pon rolhng two d1 e p \;EWS 8 given
W

the probablhty

W an even number7 is the
D - babi the sum is 10 glven bo ber?
_ r

which to
superbowl tickets and seven
orld Ser1es Bowl II contaln ckets
and four World serles ti
bowl

a ba 1hty you selected a supe
iven that you selected a

ditional pro ity that)i

1.4.1 \ ords) showy that arrests at a certain soccer stadiu
game occur with probability .35. Th i t
an arrest and conv1ct10n wil . 1;‘Eo
that the so ]P ?
1.4.12% @ n that the probability is .82 that a first
choice Who attends all of tralmn c
productlve first season and th Eh
those that do no all #g
! rainihg c at is the probablhty
tha ho

; ad a productive first se
attended all of camp? Vﬁ
1.4.13* A ls are scored by

center: ’@ y r1ght wings and 13% by de-
fensem 2070 of the goals scored by centers are power play
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goals, while 157@ R 1 Wy defensemen
BO D,thhe probablht was scored
by a defi nse
a

S cored by a left winger?

is the probablhty it w wrnnger7
4 WhatKe p V

! e us ing Orders
otld be apparent that to Wevents
or in large sa h number of

spagdés
‘@&m 1th to hst them all. This is
‘E k.“In fact, there is an old J here
ee kinds of mathemat1c1

that

can’t.”

@ @ o 1cated or larger situations,
B el e gmze the dlfference bet and
batting order! In a battmg (the

hltters whose po S, xed@R ord ppearance
ap

is wh ﬁ wit , it does not matter in
whatﬁ YO e the cards, all that really matt t
of cards (your hand you have at the e e
between order matte fu d le

in counBDs @ ) h an order matters
Examp Suppose your baseball team of ezxact,

has a game and you must decide th ‘ DO
batting orders are_ther K

Solution: i ionof the mult1phcat10n prmc1 |
“tasks” of leWosing

itters. There are clearl
hitter, then only eight ch 1ce
the third hi aQ @ t at there are
B .3 x2x1=2362,880
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24 Mathematics in Games, Sports and Gambling

possible batting order ﬁ
&nt‘Eatt g is called a pe atgon. That is,
rmutation is an ordere bJects from

some set For exa p

Bege permutations of the R w
2,3 1,3,2 ‘Ew

We notice th Eeetb‘ects In
ge K(i or er problem if there are
B I O permutatlons on th W

whe “Kl E Ra‘jer of convemence we define
0! =
Next we turn to a problem E
y dz tw card hands are pos-
szble
Solution: There are Clearly 52 p ard \?EWO
you and then there s1bl want to

ca se that would imply order

mattered ai e - e, count the pair of cards (J Jo 10
pair of cards (10<, J & ) as two different pai
for the purposes of poker theyge re @

adjus

matters is \ ards for the fact
we consid

To do t e the mult1pl1cat10n pr1nc1 the
by 2, to undo the 2' = 2 possible er
the number ﬁ ﬁ ®1Kstart xal dem is
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Basic Probability 25

In general this ty ‘7& combination,
th & men in which order does
n
0 bi

tio
han ands, the top i on afpizza are all

1nat10ns
In general t Ee nt the number
% ) e these r obJects as follows:
p

nc1ple first and the umber of

slc permutatlons of theSﬁE
But with a li V\P M ‘E ‘ '
E+1)

T ; Km? Bﬂt\;s
: !. W(1.3)

The d s rchoose k and is called a bz 0 ent.
see much more about ban

Q@‘%&m k1 ds fcountlng

3. How many different five- aWi—
ble? B

Solution K with a poker hand, order is not

1mporta, we want to know is how many ways
five cards from a deck of 52 cards. Thus ‘E
5 R
BO @‘& o

different five-card poker handK P REV ‘Ew
Example IBQ many different bridge hands are possible?
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26 Mathematics in Games, Sports, and Gambling

Solutzon Agam th s a \ﬁ the order in

h re d Si ridge hand consists
sta ar our computa‘mo?

‘Q& i hat is surely a lot s H O

WOU)P R ys can a bmdge player ar-

outzon We Just V‘l Wr ds. We
ment say, left to right (a
‘A er of arrangements of rds is

31 that is, w

¥ PREVA

am 0 Q ers?
Sol e wording of the questlo

of
four golfers Thus, thls is agal ‘Ew‘the
number of f

11880

EZR EVIEW

rst, second and third place orders

@

Exam
ofﬁm in a 10- horse race?

Solution: Clearly, in thls ro lem SV‘\EW
the Multi
1 X9 x8= 720

possible ways for the top is ? M ‘E ‘ ‘
PermutatB tion ajor counting techniques. We
n 46

will have oc use them many times, especially in the sections
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Basic Probability 27
on casino games. \ﬁfWar with each
eio D ortap .

SG@ ermu REthS in the set {8M, 6, A},
35 any permutations ?i V‘n ta deck of 52

cards" P
B ys an a poker player arra véscard hand?
5.4 How many R EW
i O(Ee h o

Ec How many pOSSl \CEWere?
1.5.6 GK P ¢ hand from left

1.5 How many ways are th !ﬁWyour-
selveg i Kﬁiv R thall game?
1.5. @: la

4 players are dealt_12 cauds from

problem, what if three se one
w and two seats in the next E ‘
1.5.9 K d "have six consecutive
any ways are there to arrange the seating
1. Cou es ate R V‘
ate together?

ou es must not be seated together? EW
aM’S\ s ‘an

a s 1 )
tolstar , 2 forwards and a
arting lineups are p0881ble7

1.5.11 As in the prev1ous prob ‘5
“small” 1 f en r. Now how
many hat if you start 3 guards

and 2
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28 Mathematics in Games, Sports, and Gambling

1.5.12 If you hold 3 rk amonds and you
Oke@\ f thi any ways are there
B 1. The SUI: EV l\SEW hearts and
r of the suits does not w
3 IftheK PR V\ owight)?

E Q!S pREV\EW
\l\

1.6 Let’s

ay. cau you to be susplclous Anyo
s - ame for money also t the
game. In order not to be at e we
need to ‘ d 1onsE play the game
Re H dano! In thls sectlon we develo
dec1d1ng this questlon
Let us cons1der a sml Vl¥ ling
to pa

. O
@ Q We ount how many tosses 1t takes before
the ﬁr pears. This might take one try and i
tries. Here we limit you to three e
space for this K ﬁ R
6 O H,TH,TTH,TTT}.
We use the payments show Tab V J ‘
To ans K illing to pay in
order to ‘%w con51der the average amou
would win ow the average amount we W
this game, we should be willin, ﬁv
ame

To deter . g6 we need to
determine t o ) h various outcomes These are given

in Table 1. 4
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Basic Probability 29
\EW

We can see t on tP & 1tM1d\Errespondmg
payme] ‘ winhing would be:

/2 )X $1+ (1/4) x $2+ (1/8 \'ng
Thus é p %o 0 to play this
game“ ul expect to lose money in the long r
(by re ed laymg the game) as our average rate
the cost of playing. While if we p viﬁ
in the long ru e ra e cost of
playing.\ 6

This is B q ion and this probabﬂlty weighted “av
called the expected value. Expected values ca W
different thmgs not just fo ‘Ev

another d ti
Given a 1th a sample space S, a functi
Wh1ch assi ch element s € S one and on w
=zis called a random v le. Al V\ ame
we may hav, K SeNbingyt youts for the
possible ga other dom variable Y representing
the p0531ble le. We might even have one random variable
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30 Mathematics in Games, Sports and Gambling
that models the roll riable for the
ma ly Let X be a

1,€2,...,€
be the possﬂale om V\* ding proba—
B{l ' @ K ted value (E'V') of this random
TP, >< EM ‘EWk)
Q pe al e is a probablhty W e of the
A by the random Vi e really
have an aver ge 0

ected value of the coin flip
$1 50 to play, our expe tation

aymg the game then b m

ﬁ@ﬁ@) +s; x $0 — $1.50 = $0,00.
W an expected value of zero a E VM; here
is no clear adva 1th R\

1@: omputed
do e money.

OWe eP REVTO\ 0; a single die?
Soluti expected value computatlon becoEW

es in mmd We define ex-

different eXperlments and

forward since the (uniform) probablh

random varlable X i e rag ‘Qn
2+3+4+5+Q
'S -3REV\EW
Thus, the :ﬁe die is 3.5. But we canno
roll 3.5. T example is important as it s
is really an average an 6 cgBsari ER bl
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Exercises: E
pectP & me of Exerc1se 1.
B h

e expected value for ﬂ pair of dice.
1 6. ep r h ball team winning
firs hal eason. What is the ex

will win in the fir

. P probability of W1nn1
you win the game and is the

expected value E
1. roblem, suppose instead that
1n or lose $1 Now What is ue of
playmg this game?
.6.6 a K[;re a team will win and by

If they are correct ad
the Toser’s score would pro win
lawbeP' ervof three

d value for this bet?

ariable X a881gns to each card o)
t e face Value of that card ‘/
X (queen Xp ed of X1

o blhty p that you will win. You will

you elther win, or have lost three cons

What is the expected number of ti %]‘Eb
(Hint: Think of le s Wt abili-
ties. QGK
1.6.9* TB& e marbles in a jar. Three o

and two are blue. What i V‘

must rand rbleF e marble

ace'selecCte

o
assum QtQK marbles7 What if you
do rep lected marbles?
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32 Mathematics in Games, Sports, and Gambling

80 pRE\HE

1s sectlon we wi i s of the use
of PLo ab g er as about fairness in
: g

\

: i airness a mathematical definition, we

| haveym® P 531 le ways to interpr Wur exam-

ples are 1ntende tQys EY ne fairness
Kto u

r own favor.
the idea of fair divi et/ We con-
roblem mentioned ea rigus Fermat,
alled The P, % €mo de behind this
BOK:
(Valz a g that re-
; eading 4 points

ﬁnple 1 7.1. Suppose
lt. How shall we fazrl wide the
s unﬁmshed game? V\
ol E rize

quzres t P
e : rce to
0 )
money based

Solu S

‘ each player Since the players meed
to r points to win, a total of 9p W
and 4 for the other). EV rdito 9
point § see the chances for
each \@ ne ow many possible sequences
considl

we mivt
0 K PTREycomes
B Pomt 7 Pomt 8 Point 9 Wi

oK PREVIEW
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Now, of the elght p \E e (see Table
1.5), Jan air to give Jane 7/8
% p f@ an To

The general Pr M‘ ution tol'this type of
T wh the ﬁnal Wlnnlng score.

itse to a solut1on of problem.
we shall not go thro ion to the

general prob c
Kk nother expected va, n called
tersburg Pamdow As ‘ me, this

quest1on rais
St. Petersburg Para coin 1s
p ate y untzl a head co on toss

one, you are p ¥ t 0, you are
in th ad appears on the i- th toss,

What is the expect ameQ

Solutwn Note that is a ‘ eStoss game
ility of a head on toss

'1 111ty of the ﬁrst head on the d-th tdss is

e expected Value of this @ éw

Therefore, arguing as we did be Vi}ﬂw

game is an | - 0 er OCPR one can

or woul )@! 0 réecover-your investment would mean

wmmng ead did not appear until 2" was at

amount 1nvested, so you would need the he W

infinite number of tosses.

(infinitesi K P

Thus, t re iS that expected Value can be use
EW

as a fairne or, but only when the game i

be played often enough to al ‘

price! In a iS ( K ry few times),
it is not ne(%E a ﬁ game requiring an mﬁmte number

of plays of akes things impossible. The point we need to take
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34 Mathematics in Games, Sports and Gambling
away from all th1s is ity argument
o
on ter

ong— here there is a real

Q 1 he experl must fbe repeated
r again for the expec 1gn1ﬁcance
and the number, o epe?vR
ﬁ look at “fairness.”

xample 1.7.3. v ‘ A fa i s to be
Esse edtedl, he orded for a head and T

an to select any pattem 0 teomes she
d from the remamm ou select
one of you nttl one of the
t I . € ﬁ t to have his pattern occur is

t
Solutwn 1969 (see
ou 0 en I actually tossed a coin

e them in blocks of 5 for ¢
HTHH

Pen on patter f length three The first such pattern
in thi eI created is HT H, usin, ‘W‘
pattern uses posmons GEV arly

are 23 — 8 K 'P itions can be either
of the

The y appear slightly unfalr It might_see
slight advantage in picking first ‘:E
do not have t eah for thls
reason and ” at p1ck1ng second allows
you to s Eo hat w1ll always have at least a 2 / 3 €0
winning!

One way to see the “s er EV 00se
HHH as % ? st three tosses
then Jane penll approximately 1/8 of the
For the re /8 of the time, this fails t
must occur Wlthln the first thre EWA the
advantage of selectifig tlie pe K attern H can

first occur s first three tosses, the pattern
THH would #have to occur! Thus 7/8 of the time your pattern
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CEREVIEW
%%Km R%?"EW
BOOK PRHEMV /

P RE Vie:
BO OﬁH T 3/4
TTT w
will win. A table of the patt y%& résponse
to yo i 9 bability you will win,
are d A Ne symmetry of probabilities fro
bott W
Flgure 1.7 ShOWS the el EV\* ith't
TOWS 1 or c? esting to note the inner
cycle, ' q g another, which in turn is d 1nat
by an ich in turn is dominated by the fo
again dominates the first. An e em
your sequence is.to n AP”R to your
second and "\ neyer piek a pa 1ndrorne
What [B er cases. Here we will show how to
more complicated cases. Suppose Jane has se
and I have selected the pa E rthi
‘% ans of tracking all
we take a right branch whene

to occur
the casesB
heads , nd a left branch whenever a ‘W
beginning point of the tree is od it EV
the overvie 8 i glve1? the key parts of
the tree dia VE@ @ [ etc. represent subtrees of the

[¢

diagram th onsider in more detail. The subtree 77 is shown
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BOO . ¥
BOC = |~

HHT e HTT

BOC" 5 "\

TTT

BOOK.T. %;%{jmw

E @ D&e IE that there is a ce of

e winning moves for me ‘E es for

reachlng each 0 siti % just there are ¢
t ofith

edg ee to the winning position.

it t ere is a probability of V ‘Ew

for m QQmeK ‘ ﬁ !
hat we notice here is that each t Eh
previous term. This mpleé of RE efe iS a
u ries.

fixed fo AQ‘ he st
Theore Given a sum

"EV\ E
where 1 'L @Kn then the sum of these val

ues
given by EV ‘ W
Note, the @ @K E the scope of this book, hence

we shall Just
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=\ Al

KRREVIE™

ROOe eral

thatow7 con51der1ng our P‘REV\EWG see
O - 1 W

Next we note that t E each value

i iplie ‘ nal

by al 1 contrlbute 1/16 to
the p ba , 11 contrlbute 1/64, etc.

Hences'a ¢ subtrees from the right-hand SIEV‘E
to the p @

we win.
Now each of the subtrees on the 1 ‘ﬁ
right-hand side, exce S @1& by /2, for
each extr Q traverse in order to reach the
subtree. tes 1/6 to the probability we

contributes 1/ 12 etc. Combining all ﬁ V

probability I win is

BOOK FYS
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38 Mathematics in Games, Sports and Ga b?rg

B T 2 H
B
t
\

1/16

[ win 1/32
with probability

FIBQ he I‘lght su:tree‘m‘— V \Ew

aOOK

a imilar argument will show that I
3 robablhty of at least 2/3 OVA‘E
Exercises: Q
1.7.1 O tedly toss a coin until it comes
com comes up heads on th -th ]‘

Jane 2J dollar E
oth S the expected amount

1.7.2 In the game above, what is g‘rEW
longer tha Kon
n 1.7.1, what is the probabil

not come up at all? Ew

1.7.4 Jane IP resently Tom
has 6 ! pointts. The game must be halted.
How s an J ane d1V1de the prize money?
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1.7.5 In the prev1ou iﬁWof sequences
'Pn oldivid oney without listing

B Suppose that in REM‘{%H and Jane has 4
BGe &hat Tom has 8 po ts o1nts in a
ame to 11 pomts E ded’?

g

om has 8 points i game to

w ow should the m ‘E
1.7.9% Ano‘bK EPR di bered as shown

Red D1e 4, V k%
7,7 ,0,6,6,0,0

ne each select one die. each

roll the1r die onceg and 1t t ighest

1 hat econd 1n this game has a

@ f winning.
7. A man has three car ﬁ !4
both ed o b k other. He
int@la hat and asks you to bhndly select
o 0 ook at one side of the card If

ack), he offers to bet you eve
card black bl Is P

1.7.11 Sho) @ 1 e is'played with patterns of length two

theredare*€hoices where the game is fair. V \Ew
1.8 The Odds Are against U V&ﬁw
We next tlca?PB e hear all

the time th ‘ us; or that this horse is the odds
on favorite, e ods against the Red Sox winning the World
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Series this year are p Rﬁ sl to clarify the
ﬂ ] @ Ee t ox Wmnmg t
yask wiltat are the odds again e state thls
as odds agamst t Bv 11 e yyou'will actually

e o are defined to be:

odds agamst

i ams?e
» e probablht le, if the
probabi 1ty you Wlll win a ain\grand master
you ar is pﬁ d ou are:
13/15 13
rlte ‘(g :n where m and

lo st terms, and we read thls s sheyodds

ar , in our example above
Ex | . re tP T0 mg a total of7 or 11
B 7 ce’

Werldy Series), we

enmg are simply the ratio of

wit

Solution: Using Table 1.1 we e 1‘&
and there are WO oll PR ou ling a 7 or
11 ha utcomes negative outcomes. Thus,
e

= 28/36. Hence w

ﬁRE\L\E
Hence Q or 11 are 7:2
Example 1.8.2. What are the od raw \EW
standard deck9
Solution: dard deck and so P( ace
and then P(ace) = 48 /52. HenEV ‘
and so the (BQ ;awmg an ace are 12:1. O
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Exercises: E
V.K{ E&B electing a spade u draw one
a standard deck OEV‘! 5W

r th odds agalnst rolling 1 ‘\Ew a pair of

B@@ KddEal g three 6s when you roll three
1.8.5 What awe,t :& de Jhen you are
t‘ standa

IBQt are the odds a, alns Ew Q K
when yo

B“ aga st rolhng an even num ef you roll
cd e7 What about two dic

00 S agP:R Vs,\rhen you roll two
1.8. sing Exa,mple 1.4.5, w iﬁw
When K suit oldem?
1.8 4.4%as a base, what are the odds against beimg
t a pair on the first two cards in E

1.9 Things Vary

We conti % K P! LE most common
measures B’ asures are used to describe dlst
tions, bot probabilities and of other data s
answer natural questlons about V

Given a dj ly ﬁ random vari-

et
able X, the i Just the expected value of X.
The physma ere is to the center of gravity. The mean is the
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42 Mathematics in Games, Sports, and Gambling
“center” of the d1str1b ao ' ghting rather
than m ?R le e discrete, this idea
i lly us other than the c rminology.
t we have a cente éW\easure the
degree of dispewsi Q‘E center; that is, we
i K oints are with respect to this
. neasure is called the variance. ariance of
& discrete random variab V) W to be the
expeﬁ @R

var

a : close to u, then lX —
to be small and s

ot sion mean 1s considerable, then
| 4 g1 ng us that vafr 1s a

e are d1fferent Ways 1n Wh1 iance.

1 ; that is,

We let Im(X) d t e
the 9 ﬁ is the random variable
représenifing thetwell offa smgle d1e then w

NOW 1screte random variable X, E “ w
@ x -
mGIm

where BQ@K gg

zeIm(X) w
Equation ea&?w Eythe varlance
of a discret expand the term (x —
obtain
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OO¥ BR E)L
BB()()K BPRE V\;W

E\l\ EW

\& OK( as before. Hence following
ormula ?B V‘

‘ ionjivariance has one unde51rab1 prop ty, it

r {u ctlon That is, the v: , for

any real number a. For BEV(X Work
i e ned to be

wit @% o
%0 var W
The reader should note_th V \Eb atse of
this r reco

Exa ‘&e random Uamable X takes

on t valueyl
when ahead 15 flzpped and 1 when a tazl 18
variance and standard deyia
Solutw o aria e age Im ={1,-1}
and so t y

Qf{@?ﬁE\I\E‘N

Thus, comé
= 1/2(1 p E ‘Ew
Then clearlB‘Q&n is also 1.
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44 Mathematics in Games, Sports and Gambling
Example 1.9.2. Wh ard deviation

for_rolli ¢

the random Varlab fo rolling one
ie. Earlier, in Examp ected value
of ﬁ G variance o X is computed

var(X
O eIm(
BOOKL. 5
OOK& E 2.25 + 25+ 25+ W
K? 5P
Bﬁe standard dev1at10n i REV \EW
1.9. uppose you are playlng the EW
dle and win Gfis rol hat is the
a

ancel a ndard deviation for this

1.9.2 Suppose we have the follo iﬁw
of X is 5 P or (1, T
' d standa

V‘\ﬁ rd deviation for X7

1.9.3 is the mean, variance and standard

dom variable representln the \

1.9.4*% S ! ab Value of the card se-
lecte Where an ace counts 1
queent as 12 and klng as 13, Wlth all
face value. What i n aP

1.9.5 Find Q ard deviation for the probability
distrib xercise 1. 6 3.
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1.9.6 F1nd the varlau?“R ‘ Wlstrlbutlon of
B@ eKmance and standa istribution
f Exerc1se 1.7. 1 ‘

we look at expecte ing with
condltlonal probahilities. ork very
cret

, andom varlable and let E vent with
T en the condition enoted
EVX|E,1sd edit be

th de m 1ons

The ne ‘QZKMJ
s a discrete random varia n}
is a partition of the sample sz@w ; each 15 then

Proof From our deﬁmtlon of co ectati \Ew

Exampl pea heads appears wzth
probabilit — q < 1 Find the ea:pected

wnatial run (this is a Tun of heads zf the a

of tails otherwzse

Solution: 1 "1 th firs toss is a heads and let F
be the event S toss is a tails. The pair E, E forms a partition
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of the sample space. P Wn Then we

at

60 g =t g for EW
since if F/ lequ R‘gV‘ rst toss is followed
B@@ e heads a tail. A similar ariuient shows

ok PRE fE

B@ V(X | E) we V‘Ew
Boowvgﬁ ,

Now 31ger the two sums EV ‘Ew
2p BpRD

Sﬁﬁ)p%ﬁ\nﬁw

+p+p +p° 4.

and since p < 1, we have a geomet 'J‘EW
we see that PR

0K
and sumlarlB O Q‘KEP EV ‘Ew
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Now by Theorem 1.1

BO W
ﬁRQE 2pq ‘
BOO\‘E%EV\EW

"PRE
BOOKE. SEVIEW

Exercises: Kb
a‘ Qe umber of tosses of a fair coi ding
e appearance of the ﬁ it n‘ toss,
sho a

f o} talmng a head When a
se S p. The coin is tossed s in
a row appear: L
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1 e e @ Kva? s s. This will allow us
tE@ i 1l aS see how useful thes igal ideas
¢ e I evaluating these game e le)En niques,
basic probabilitsg, ¢ ion Rﬁf expe values. The
g %ud roulett s, poker, backgammon and
an @ siongshow called Let’s Make A Deal will
be ething of interest in thiﬁ REV‘E oker.
2.2 Counti Kﬁ)a R e

In tB ﬂ toPapply some of the counting techniques we
learne ast chapter. In particular, we wishato i ing
the number of ways a five-card n 01 he ‘teader
hoping for a deeper #XPlotation ofPR ics of poker should see
[13] an e start.

Poker layed” with a standard 52-card deck. Each ¢
attributes, a rank and a suit. The rank o a bea BEIW
possibilities: ﬁ

QoK PR

while the & any of four possibilities: V ‘Ew

e E) @{K@’P RE
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50 Mathematics in Games, Sports, and Gambling
Example 2.2.1. The e ﬁ‘@ hands was an
ear r Pﬂ
standard combin he solution
- 2 598 960. R,EV‘
\P flus

hes:

Blu; ; stnght ﬂush 1S ranks all
of which ar an ace, two,
o) begm the straight swith the
1 belng ﬁxed There elect the
it e stralg n@iple there
ar a hes Note that 4 of
us es (10, J, Q K A w

Examp K E
So 0 cards of the same rank. T eces-
saril§’ of a dlfferent rank and ation
is then: (13 W select t a ec the four
car ) mthe last c d n be selected in way as
anotef rank will do. Thus, by the mulgipli iple

the number of four of a kind h E
4
00K KE:
Exam Dc@ fullP REV \
hotuse

Solution consists of three cards of one ra

cards of another rank. There are W

(g) ways to select the ca ?

to select e¢ond @ st e two cards of that
rank. ThlB ﬁ . ber of such hands is: ‘Ew
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52 Mathematics in Games, Sports, and Gambling
Problem 2.2.1. Co V
Of

Sup

3 : spades and the 7 of hearts
Ye P demt game. The ﬂ iamonds, 3
of hearts. What 1s the hr on the next
B ﬁlgnore the burn
op;,

turn and river etc

€ efore the
d‘cn min: t is in our
oppone ea ering this question.
‘ 111111 in the deck T hu e five cards
we do not know o obablhty
the next card i a () chance
TR .
E @ s of the cards that co re stlll
i deck. This mlght not E upper
bound on your Ee
E you hold two aces, two n a
fiv er game wzth five othe aEWcard,
what is the pro ﬁztl < ) ﬁgEfu
SOZIB e cards. We consider all ot i
ds remain, and only four o i

f

a full house Thus, th ba EW& isv4 /47 =
.0851 K lP O
Not simple way to estimate the

the card you Want on the next Viﬁ

count the numbe Pﬁ ove Wlth
the two ’ er a one. So if we had done

5%ab

that in ove, we would have estimated we a B%
chance while our computation said 4.27%.
estimate. The idea is ther Ev
less) so d & ? 100 cards, so thls
total tellsﬁ we add one to this total to_hel
offset the ate of the cards left in the d

One final note is that the ra EYE‘
exactly to the fregiien 1ch 3 vo e fewer

ways the ha & rank of the hand. Thus, the
ranking of p ha#dds makes perfect mathematical sense!
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Exercises: ﬂ ‘ w
0\@& 7, 8 ve-card draw WN hat is the
drawing one ¢
Eyt the first five cards

ikhat is the probaﬁ EV ‘EWi five-card

@QK—C&I@. poker hands are
2 2.5 What i ab R V‘
’ onds and the kmg of S is the

1 ity of drawmg one (Here
1gnore the arKothﬁ owt what they
2.50 :!e following table simi time
for three-card pKla
w ounting Three-

| HOW TO
Br 5

Card Poker H

Three of a kind

Flush P

One pair

B
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2.2.8 You hold a 3 4 ‘ s\the probability
tr
aat pro ab1l1ty of maki er (the fifth
ace up card 1n four spades
in y the board)?

story tells us th E t century
Kay’edF 13 rrent form since around
lB ded the “0” to the rou héel in order
t ouse advantage (this is W1s still
played with one_“0"d 1y 180 igrated

] % ? ed to further increase the
houséeya a . e call this version lette.
The*8ame remains more popular i ‘ tates,
although itis p 'RE

t P here is a wheel with the

nB 1 as O and 00 each represe See
Flgu 1 for a typ1cal Amerlca %dE

1 to 36 are red, theset pﬁlﬁ k umbers

are ml numbers). Both 0 and 00
are grE d around the outside of the wh
slots spin in the opp031te d1rect10n Gradua W
the slots, determmm th sible
bets wi

Bets B@c iety of poss1bll1t1es such as the number
itself, er the number was red or black, odd or gv
more possibilities shown in Table \n‘
typical roulette table) R

The pla a kes' noney is based on the
differenc “ . e odds for the Wlnmng event a
odds, that"is, the odds actually pald b 3
consider several exampl d s enge

Example t
27 in Amem

D

alue of a $1 bet on the number
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~aw=\ Al

95

FIB( xmerlcan Roulette E \EW
Sol:'B ‘ ion 1 strR rd. The probability that
is'cl

rly 1/38. Let X denote th riable
for t mount won or lost The H bet
are 35 1 and thus he
= —.0526.

Hence we see that for every dolla kﬁw
different than e nu ct ittle over

is 1 that the House has a slightly

5 cents' @ ret

better t Va ge on this kind of bet. W
Example 2.3.2. Wha e xpec? V ‘IE
Solutzon House odds are 1:1. Hence,

our expec

ta lon is Ew
EV(red - V ‘
(re K3 5 ?
The expecte e as for the single number bet!
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PREVIEY

) EV
O} th xpgva ue of the combination of a
b and a $1 bet on black? \ h '
Solution: Here we_n { » N TNhe single
numbend isfals @ 4 is n (8 Wlll win both bets.
But Lalso wan thetblaek be w1th 17 other numbers Hence wi
proba 8 we will win both bets, Wlt
win black, but not the num
bets. Now ou e@ e co

BD 1 -1) v '
Thus we see that the ¢ E CI\DECG a
expected at d. In other words,
our per d 0 o ( ue is nchanged' W
We will consider some of the oth V& the

er d 1 pécte

exercises. value for
those bets in playing American Roulette, the

House will a etter than 5% advantage over the players, no
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. - i F A’
to
B 18 st 5
12 7 0 9
even
BOO u
14
red

2nd 16 18

v
, N
500"
W

25 7
odd
| 3rd 3 30

19 32
‘ Lo 12
B 36 34 36 =
Ist 2nd ad |°
Col Col Col

FIG 2.2:  Roulette table ‘Ew
matté p ) QK&W thaty! w ong—term play, we should
expectito) average of about 5 cents for every dollar Elw

prospect makes roulette a falrly unatt EV
Exerci Q Q
2.3.1 \Bi probability of 0 or 00 in roulette?

2.3.2 A European Roulette wheel h 5

expe t on u pe n oulette7
2.3.3 Wh alue of a $1 bet on red and

number 3 in European Roulette‘7
2.3.4 Wha ada$ bet on

numb te What is the expected value of
the sa Amerlcan Roulette?
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2.3.5 What is the e t Iue o 1‘ lee column in
oulza?ER
gble 2.3 to VeI‘l EW/ two rows?
er’combination?

‘(
t e expected Value "EW
@&ecte bet on two adjacent umbers?

g@ K PB E\I\E

aP
% ;Ka ¥ has been for rnany yea tof its
po e

ms from the Wlde range offers
fast actlon thrllls an

Th any 1 ns but probably owes its
modefn: ; 1despread play it recelved ldiers
duri War II (see 16]

The basms of t ¢ efare s rolls a
pair t o the u es of these rolls On the
first r winner prov1ded he or she roll ta 0 7

d

or 11 a natuml (Recall, we sho

happens with probablhty 0 1f
heor s % S). i pe S Wlth probablhty
4/36 asw m Table 1.2. If the shooter fails to roll
a natur s, say they roll a 9 instead, then th

becomes the so-called point. The I}E

initial roll other ﬁﬂ oter s on a
series of rdlls ‘ int @agai win (or pass) or roll a 7
and lose ( Any other roll is ignored as w
the game is concerned. This is signi

space! The shooter contimuesfitd roll “REV‘

occurs. B OK
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2.4.1 Street Crap V
artuP the game that was popular with
B s often called street cr e there are
n

damental bets ing the pass

lme ootePzR ’t pass line. Many

t since here is no House someong else must

a ¢ the bet. Bettmg o) elpass the don’t

pass hne is an even Vk er is\willing to take
K alysis here.

LE 2.4: Partial

As there are several ways for the shooter_to W
must consider all these cas E¥
loses on t Kalr ’? se probabilities
and they B e more interesting parts of
come whe oter establishes some pomt W
roll. EV ‘
Example ﬁ@’ te has established a point of five.
What is th e shooter will win, that is, roll another 5
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before mllz'ng a 7? w

S pro ha srmphﬁed All that matters
ra-f. So our sam hanged. It
ts of the 6 ways t . Since each
outc llke
6 shooter makes the
Examgp e hat P
B king the pomt?

ution: Now we have sthow the
probab Wlll be 4/ 36. Com—
ourlas problem and usin

po1rb EVA | point is 5 )
Inﬁ@v@v& the results for makmg a po i 1lar
com tions can be done for each E (see
exercises)
Prob @ @ ab 2.4

ou have completed Table 2.4 W
shooter passes = 492 le 1n treet
craps t ai st t e shooter! If
the sho gainst him or her, this can potentially
cause te s . u1ld V \Ew

2.4.2 @
When t f craps became a casino a W
mediate problem that had to Ked R

a probabilit SO i po t1ve expected
value. No ¢ ntage to the player, as a smart
ot er

player woul bet!

ecomes 5 and the
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Example 2.4.3. Ho i betting the
£C K
nos found a falrl the betting
tage One com 1S t ‘E payoffs on
e o 1a ":P\ ge an 1n1t1a1 roll of
to & push, that is, nelther r a loss in
0 ey et. The shooterl g the pass
1

ne also lose, but_t r e1 payments
se. do se reases the probability of
@ & ass'line by 1/36 =.0278.
V etting the no pass

Ho
ange sino craps?

mpute the expected e pass
line bet E1 and the do ’t ‘ ass line
expecte

B 4928 + 5071(— Ew
while the don’t
)+ 5071 = 0143
But under the changes for casi alie of
0143 K ‘P
é don’t pass) = .0143 — .0278 = W

Thus, under this chane e Y
there is a i d a ainst the shooter.
More 1& ; , the expected value is now an accept-
able neg

s om0 K P RE
As we s arlier, craps offers a vast arra; W
array of odds. Some of thesKa hall

see. One of s is
If on the i hes a point, then a bettor may
back up a p or no pass bet) with up to an equal additional
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amount bet at the tr Whe point, not
the
‘c and the estabhs is 5. Then
ay now place an add1 etting that
5 will appear b w itional bet has
todzer

the expected value per

Q and thus closer to vided you

ake free odds — Wh1 ice).\If the point

of 5 wins, the e % il bet and $30 from

@ WV rol ill cause the bettor todose $40.

B ple 2.4.5. What may a rHo Ewmté?l()

on the pass li ’ﬁ 6 KE cks the pass

B Of course the bettor is what

the bettor has "R s, 1n $10 on the

ds et When 6 is the point

;E 0dg ere are six Ways to roll ys to
rol us, the $10 bet on_f ee

bettor can win aKZ P
xﬁ wish to do a geneml co
expe

@ offour
e, assuming a standard $10
up with a $10 free oddsbe noP

point) be the Value we win

Solut
with s1ng the symmetry of the po1nt
and 10, 5 and 9, and 6 and 8, we can
followmg K
B Q 1111(—10) natural and craps
+.0556(30) + .1111(—20) 4 \Ew
3
0 6 and 8

S w
We must are b P\£ ee odds so in
order to co e should do it on a per dollar basis.
1l

In the exerc be asked to show that the expected amount
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wagered under this st !ﬁ

1414 ’ ‘Ew
h F E
—.85 cents w
This i nt p % is b Esest to a fair bet
‘ oujcan n any casino game O
;r Some Other Craps Bgts

Big 6/B1g PREV \EW

%%6 }iPRéV‘EE\?%J

Table t e other bets possible in craps and t
advantages. Note that several of these are ve W
shall briefly explain these bgts

The Fi KK R 3 4, 9, 10,
11 or 12 H bers lose. A place bet is
on one of ble point numbers To win, W
rolled before a 7 is rolled. Plagce W; géfs
paid at 9:5, d at 6 'or 8is paid at

7:6. The Bi @ @ i or 8 Wlll be rolled prior to a 7.
Thus, it is Ii

fce bet only pald at the lower rate of 1:1. Hence,
Download More Sports Betting Books at: www.bettingbooks.org
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it is a very bad bet. iE‘ oter will roll
a 2 @ he 12 bet is a one
‘ hooter w a 12 It is paid at g0:@. The hard
that a double W111 W the number
you select ou bet at\come up before
y other t1on ? p tlcular sum, or before a 7 is
a’ d hard 4 (double 2s) he house

are 9: forahard60rh S

The exerb‘K)ns

2.4.1 tK PRaEV \rg\en the point is

ﬁ Use the previous pro \Ew
B@@K a ﬁeld bet and compare this

etermine the house ad bet.

2.4.4 Determin CP

2.4.3:@ t0 determine the house a ta, a
t for each of the possible V ‘E

2.4.6 Dete QdeP ﬁE

2.4. 7 ds of a hard 8 and a hard 1

2.4.8 Use the prev1ous two &n&
et 12 bet

249 C cted amount bet if you play the pass
ting $10 and always take free odds for $ ‘
2.4.10 Counside ich t s is'a'total of 3.

Co g ge n a don t pass bet in this casino.

2.4.11 ;ﬁthe house advantage ( see T EV ‘Ew
2.4.12 Veri Q:’ e fo
2.4.13 Veri e se advantage for a Hard 10 bet.

Download More Sports Betting Books at: www.bettingbooks.org



DOWNLOAD FULL VERSION HERE: https://bettingbooks.org/19

66 Mathematics in Games, Sports, and Gambling

2 !Deil iiil_‘le Mont
Monty Hall Pr irectly from

]) ‘whose host was

@ of t st1 be seen on several networks.

CD

efina challenge given followmg
Example n estant is given
¢ @ @6 oor is a car (or somg ogher great
e ther two doors, g . The
ontestant is allowed PEVI\‘ nty Hall,
1, ind another door, say door No.
@ go e then asks the co 0 you
t door No. 2 or stay w
Question, Ki e#l‘tc;
@ G t1onal attention when tate—
t e problem appear ‘ s Ask
Mamlyn col mn
t with t S remaining unopened there
o bab of'the car being behind eithe
real ason to switch doors. Ho XE v in
her column g@& and rs of com-
plain “ he However vos Savant’s
o

argu ed now by many others.

cond1t nal probability. For more on th

An 1ntu1t1 W1 t ing:
the pro lec the door with the car behind it is
certainl ere is clearly a probability of 2/3 th e ga
is behind one of the doors you did not select w
behind one of the doors you di W

goat you i 3 Kin rigina probab1lrty
you select e st1ll only a 1/3 proba ilit

door is co and a 2/3 probability you Were W
probability of 2/3 that the car isghehi R ta e

advantage o ' u sh
Note, the ucs edu crypto/ Monty/ monty.html
has an onlin on of the game which you can play. It also gives
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statistics for all othe \ Wsee what the
bes
for ally solve the Mont using con-
1 pro ablhtles Let Ev ehind door
S

i, for i = door ¢ and Monty

i F=1/3, forz—123 onty Hall
pens a door with a go available,
they ‘ﬁy 11 ne door has a goat

sh you that door eperfiines the

o a ility of Hw Ass th oor Cj,
1 = — r door already
| 950
Y120

1f]—l<:hewont ho *
Pk y T to open.
B\Q lass of generality, you select doo Hall
3. Now, from above ‘ and

The El -
BOOK.” E\J \EW

But, no @ Qe otal Probablhty Formula that

P(H3) éfg 001 +KP PﬁW‘

~ sOOK PR EV\EW
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That is, the probablht R e V ‘Eﬂ have selected
pened

s at 1/3, just as it

] owing you the goatabehind door 3
nged 1o 1 gl
Now the pro EVH\ is'P(Cy | Hy3).
&a

Iu

| Hy3) + P(
Slnce P(Cs ﬁv‘ herefore
a 18, the probablhty selected

door e probablhty of

lo
tch1 1 argument remaing the same
or the contestant sele y Hall
o ens

mpl en that the probability of
S ected 1n1t1ally was 1 ﬁ h elwas a

bility of 2 /3 that the car Wa 00rs,
and nothmg h 1 ility 2/3

avail 1 e 1ntu1t1ve argument has
now e or ct Our formal argument,_u itional
prob 1t1es as conﬁrmed our reas EV ‘E
Exer Q O R
2.5. 1 table of the possible outcomes of the
lem to conﬁrm that there 0 a ility
switchin ?

2.5.2 (—ﬁ an ¢ if Monty Hall does not know where
th reate a table as in the prev10us ro EW

strate thlS change.

2.5.3 St test W must answer

¥ r three questlons from a card d
at T om a set of 20 cards. There W
for Stacey she knows the EV hege
cards) K(n;}? wer all three
questi bability Stacey wins the prize

if:
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1. Stacey dra V ‘ w
QaK‘ R cemient of cards).

BO acey draws third? \Ew
EV ns three tickets to
an fou ti

é” ets to a square da he second
tains six tickets to tickets to
the square da e. @ EV{ icke bowl one
N 1cket from bowl two.

1ty t e ticket you selec 1 two is
per owl tlcket‘? V
ﬁ Kr P change if we use four doors
0 hat'is, you have a choice ‘N switch
S

tead of just one

2.6 Ca
Q ke a brlef look at a couple
y ound at carnlvals Chuc E
The game of C c seeing
1t at @Ket I ch1 d The numbers 1,
E vidual squares. You may bet on an f
them ce bets are placed, three dlce ar W
them, flipped in a bird cage ype
roll. If r B .‘ a lose your bet. If
your nu ’ é 11 be pald at 1 1. If your number
appears o'dice, you will be pa1d at 2:1 and if your
on all three of the dice you will be yu‘
Example 246 ‘& uc ou bet $1 on the
number 5. “ ¢ @ ; led and the outcome 1is 3, SEVW
Solution: 18 K M)al at a rate
of 2:1. Thu%‘ inal' bet back and you also receive

$2 in winnin O
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Example 2.6.2. Cw? EV‘ mes for a bet
ow

that in rolhng hekelare 63 = 216

e outcomes Th ‘ f these that
matc on hre QR

Free ust equal our select mber and

E only one Way For e We must

rst choose the d1c tha £ ways

Now die ¢ the'other five numbers Thus,

Q out me with exactly two esf Finally, for

one match there are 1 match.

Each of the o) 1ce RE; umbers. Thus

Q ible outcomes.
E resting question here E‘Wbet at
Chuck-a-Luck cise ﬂﬁ g'rolls is the
ke

E@ est1
econd carnival game 1s Poke omes
from the tool in , J,

han gETS. The bettor chooses

Ao
tWOE ong the six ch01ces Then

d. e bettor wins as follow, ﬁwj
If both chosen facg h B t 17 Other-

wise, @ ’
What is the expected value of a
and king will appear in the game

Solutions 6 ce oss1ble outcomes
for the a

1. No ace or king appears on the five V \Ew
2. One of th Q pear Eth
3. BotiBg pear. E

It is fairly easy to determineg the pr m here
are four wa r c % ? ie and so the
probability % 0

(4

= (2/3)° = .1317.

O
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In order to determl 11 e or king ap-
e g, upp , but at least one
e Welsee 1 ﬂ E2

? BE 1 SE q ‘
1t gat all, the other fiv ssibilities all
al probability. Thus is (4/5)5.
hus the probab ng appears is

bili
B K P 21— 4/5
ow, P(E1 N Ey) = R(E; Ew
Kp )PZ% 67232) = .2702.

ﬁcompu‘caﬂon for no ac V\% W same.
Thus, o t

@ blh

B (.2702) = .5404. E

Now, the easies aM! happen-
. @‘ ree ro sum to one. That is,

1= 1317+ .5404 + Ey w
Thus P As this is just less
than at even money, the carnival should be
happy a posmve expected value for thlév ‘E

Exercises:
2.6.1 D robablhtles for one match two ma
three matches in Chuck-a-Luck.
2.6.2 Flnd the ¢ :GKf aP(R 1nt see
2.6.3 In :ﬁk-a—Luck determine payouts rEW
two matches, and che
it a fai
2.6.4 Whan ected value of a $1 bet in Poker Dice?
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2.6.5 What is the exp if we instead

BKexpected value of a_$1 ce if we use
seven dice? ‘

BGO@&B@B;%M Ay W

her Casmo Game V ‘eﬁ
In t ot asino games, and
h se games We try to considgr some
order to broaden the EV “ W

ﬂr games Carlbbean a nguck
w1th no real skill involve W s‘are set
and ur s to ed amount. Essentially,
eac he ealer Before you see your cargds,
1 be he ante). Then co W
each player and the de le
when OK your and can win,
or yom ante, 1f you beheve your hand hai[a

chan his completes the bettmg

At this point you really have V \ﬁ
raise. The de S hl?\ he_d is mon-
qualifyi h@@ (that is ace, king and 3 small
nonmat win no matter What you hold, but only ewe
money on the ante. The raise is a push Thi W
(about 44% of the t1 .

When y K 1 ing hand of AK
or better, s‘are 1 play Now, if the dealers
is better se both bets. If your hand W
even money on the ante and I EW
based on th K

SO

By now w favor the house. But there are
more questi an be asked here. To play this game, you would
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BOOK P S 20

like to kn: K’ EV \Ew
@ﬂ raise?
. How big is the hous & ‘Ew
. .‘K@E néeXosed card in the dealer’s

These are not simple questlon MigWe
an effect on the.ca P and two
kings, t n"c lif

Also, be and an the dealer’s hand are not 1ndepen t,

g and have been decreased'

exact computations are rather 1nvolved

We will concentrate on ¥
rather th 1n o b more reason-
able.

The que hether to raise or fold is on
expected values for the possibl cho EV ‘
in that we d K ds“that are non-
an“our own hand, qualifying but

qualifying, :@@@
better than and, and qualifying but tied with our hand.
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The total for all the 11 S 1 :‘ s the number
of p n ave n ﬁve cards are re-
) 31 P assumptlons r counting.

( b umber of dealer \U4 et g be the
number of deal EV rse than our

a i K ? dealer hands that push against
B icity, we assume an ante it as one
it'Bet, alt ough in most cas E 0 our raise

will be 2 mputation as

B EV (raise) K P REWM
EV rais ﬁﬁ ‘Ew
Tijc aise he ceeds EV ( fold hus,
rai ;

. BOO 4w+16P+ RE \

dw + 6g + 3t > 2N. E-wﬂ)

We can do thes for \parti ﬁ¥‘ ine' if ‘they
satisf e off{ questions are included
in the

Q PREV \EW

K eno ry pe game in which a player marks s
bers from the numbers 1 to 80. Then, QEW
20 numbers. If many Q t m
the numb ‘ catgh se numbers), then
the playe le ed numbers appearmg amo EW

numbers, t ore the player wins. Some t

shown in Table 2.7. P
Example 2 @@szl of catching ﬁve numbers when

you bet ezgh
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1=k
Solution: ‘EO lumbers as
d numbers and the 60 bad

E@ 1 to catch ﬁve out of elg e five/ must
be the good numbers an bers.
There are lectl efgood d there are
60 B hre bad ers. Thus there are

@ EV \EW
Ways QQe ght numbers for the player so EWI

match.
Now, the total nu r of aysPR&

— 28,987,537, 150. w
Thus, Q P BE V ‘E
30
= .01
B@ 28,987, 537, 150 . 83 W

Example ’1 tzes of catchmg 6, 7 or 8 num-
bers when y numbers.

Download More Sports Betting Books at: www.bettingbooks.org



DOWNLOAD FULL VERSION HERE: https://bettingbooks.org/19

Mathematics in Games, Sports, and Ga bling

76

Solution: Followmg \P REV , we see that
tch ‘Ew

BO O (o AN = 000160

200K B&Wm
?O ok PREVIEW -

BOO EW
Solution: Here K PREV\ oblens
‘Egg (0183) +208ﬁoﬁv \EW

1s was based on a $2 bet EWHM
expected value ofﬁwls ly advan-

B . PRE V\EW

r one at most casinos in the

The g \I-

United ¢ 6 cept of the game is simple. Each pla

against the dealer The ob Ject is to get a count W

without exceeding that nu y

with aces fac nting 10. Each

player an , ¢ ds with the dealer’s second car

face up. urn, each player may stan W

they have) or take additional car, :EV \t
K 29 hoice of standing

layer has had his opportunity, the

cause the p
or taking a
dealer turns other card. If the dealer’s sum is below 17, the
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dealer must take an E sum is in the
17 to 2 e d 0 t ngila onal cards Players

) - i excaeed 0 exceed that ler are paid
] . ayer is dealt a blackj nd totaling

21, he is pald 1ately, even
th % e? e re more rules but these are
a’ shall do in this section.
e versions of blackjack C i‘ , in which
E an a very part1cular
h

the pla €r I'eGe V

0 o e co e Royal Hand beln a suited
c qu ~ b natlon or the har E
Exam ? g de he Royal Hand?
' ht mgs and queens i e first
of our computatlon ist t1 e cards
on the fi car i§8/5 e se nly the match
4 is h

Problem 2. 7 1. :K pP R
SolutB
A second common option in blackjac
is offered to the pl C s e h
h1s allb

player 1t e Insurance bet The

1nsuran e dealer does have a blackjack.

Example 2.7.5. The dealer has an_ace yw
holding a king and a P eldeck

the expect Q@ ce b
Solution re are 16 cards that can complete al W
but we hold two of them. In K&sep R

blackjack is Q Q
B ckjack) = P(ins. wins) = 14/49 = 2/7.
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Further, E
aclq? R ose

m00k w&s,y

BQe 2. 7 6. Agam the /E s time you
hold a 3 an ol and 5. Now what

fa 114

1ven the inform t1 E wins) =
16/ 47 and P K

ff PREN W
Hence it is pos lewve PSR infsurance

d POP VG How many hands
1 defeat’ your hand?

2.7.2 In Carlbbean Stud Poker V ﬁ
of AK the e P this hand
petted lue of folding (use 1 unlt ante

raise)
2.7.3 In Caribbean Stud, Peker Ey %
h ” ect e int: here you
s

m are one pair or better.)
2.7.4 Compute the expected value of a V ‘ﬁ
2.7.5 What is t T ili fcatP R sima 9n er bet
2.7.6 What'is the probability of catchin 7 EW
at Keno? P
2.7.7 At bl Q ob
(21 in
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2.7.8 At blackjack, ‘?R WIt 20 in two
b Qe& the dealer has hold 10, 7,
while the other t v n 3 3. Again
ﬁe— ected value of a $1

7 10 In blackjack, wh R)EV \EWnd $1 bet
6 KW .

hat is the prob

i ar nd what
payoff would make t R et
ﬁsur‘nde bet*1s one Where the playe
n ial two cards, w1thdr i
the other half of t e § .
cte ing'a et versus the

o p
n t strren ermg? Hint: assume a probability
1ng the hand if you pl ‘ W
2.7.13%* R 54 many hands
feat\yourha

2.7Bln liarlbbean Stud Poker, QEW
probablhty bKlas R

pREV‘EW

The g c mon traces its roots back to 3000 B
Mesopotamians played a board game W1th fo
aine

The game was certainly po
a game t ‘KtheP th dice games
56 “EQ
We will mpt to completely describe

many outstandlng books abo c EV

might wish %e F Instead we
will explain to allow us to study certain
aspects of t
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A—n\'ﬂm

S'RNE 'R 'n O

e object of the game is V Eﬁu rejeither
Wh1te or apHig bo rd "and eventually off
ﬂ u get 11 your pieces into an area called your
mne e final six-pointed reglon. In Fi 1s i t of
“points” at the bottom right fi 1g\ VYou
er fabl 1nto your home

win by _“be 0 v iece i
(off t " ent does So in this sense the game
is a r ponents move in opp051te dlrectlons
which creates instances for conﬂ1
the way of str R
Move bé on the roll of two dlce You
e 0

may mo our pieces exactly as far countln
the board) as the spots shown on one die. Th
the other die. If you roll d ves o

Sy
each die 1 %s?ﬁ ece the amount
shown OHB ~ tion oving, you may hit an o
if one of eces lands (ends its move) o
a single piece belonglng to y pp V this
occurs, you h1 is the center

area of the hlS piece essentially must start
over, movin 0 r opponent s inner table and then moving fully
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around the board A iﬁ afe when two

oli R any s pieces occupy the

no\epponent’s pieces may lan thatgpoint. Note

ut only move Would la W afe point,

then you cann f backgammon

n1t1 an e changed in several ways,

Q s [through the use of a doublin, ill discuss

e dét hng cube in more de ;‘E will be on

aspects of W c aRE e ro ablhty theory

l

B;l Hitting %

K (P 0 con51der is the act o 1tt1ng

W did earlier on dice (see

10n 1 2) but we must al V‘ natire rolhng

double P utations.
e is

at our ablhty to hit a blo depends

1s with respect to ou le, if
ot is one pomt away the ‘: Is hal
occu ility o belng able to
Q lot is 12 pomts away, the r nly
o it 1s by rolhng double 6, o
the probablhty of hitting that V n d able
difference ingthesefvalues.£To trP%E ti happenlng here,
the r% l e Table (see the exercises)
2.8.2 Oﬁ'theBar &E \Eq‘
Bein can e a vastating move. You
cannotgﬁ her pieces until all your pieces are off th
fficulty of enterlng the board from
with how many safe points V is 1
table. This shouldgbe ratl leave your own
blot expoﬁ ‘
Example 1. Suppose your opponent ‘E/W
inner table. What is the yt ORELIJ to

the bar?

Solution: \B afe points, only two points are available for your
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.8: iliti i i B h One Piece

f Ways to hit Prob. of hit

E\?\E‘N%

@’ ? 0
BQ 16, 18, 20, 24 Waeh

BQIQl 2, we see that rolls
avallable to you 11 f w oint, but
tha these pomts Thus your
totaBG
2x 11— 2 =2

E 2.9: Probablhtles of Enteri
No of opponent’s_safe

Example 2 BQ?OS@ your opponent has only three safe points in
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her inner table. Now R robabulit Whe board from
{ K
&@Q there are three points,th o enter the
As each h V , but again
an}OGK se ere are a total of
terihe g

T S n 3 Hence our probahili entering

4 That is relativ ly p01nts
unavaﬂable to us. KfacP

You cannot bear V Ews reach
y i r [ K h an exact roll (if such
isB larger roll if all your pieces ar r h the
value'rolled. ‘

Bearlng off is ut“there are

c
inst me r1t1 oy to bearing off and the

e ware of these opportumtles
is t Ing pieces into your inne {E l as
possible. Such a fte %ﬁ nt es heavily
loade K ces lar e inner table, common
stratﬁa a8 many pieces off as poss&ble wit

Strategy really comes into play when there

and your roll allows you to

Some e tﬂ@ Konstg

ExamB Your inner table is as shown in Figure

a2 and a 1. What moves should you m (.EW
Solution: % & ? E4 ou have several
options. \E‘ on 01nts 5 and 2, or with plec
points 4 a ith pieces on points 6 an

should be based on our nex dEV

position ou % pi€ces off on the
next move. ‘ﬁ‘

can determi rprobability of winning on the next roll.

accomplish this goal, we
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BO( 1l e
BO
GOOKPREVIEW

From positions % \o
Kbé? double 4, or double
%@e 1of 14 favorable rolls. ear off
pomt with any roll of ‘ points,
Ist t RE ere are 22
@K&n 4 of ainal, namely (1,5),(5,1)
l

we need rol
ﬁ hus, we see that there are 1 from
po and 2 SO our pro ould
be 18/36 = and p ere we need
er i at as double 3 is fine). Thus,

1%or a 2 Would be unfavorabl olls
Wlth 1 and 11 rolls Wlth a
there are 2 lls SO our

prob ¢ ude that the best move is
to po Wﬂ
_,. DL E\I ‘E

‘Bm Home

O O O

PREVIEW

FIGURE ;BFG@W
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Example 2.8.4. Yo 1€ Aﬁ ts 1,4 and 6
se ou can only remove
a posztwns do EEWM the next
1cesP%EV !malnlng pleces at points

ut these are the S£ the prev1ous

EMS eft, on points 3, 4 and
T la ouble 2. What Z‘E veQ

BCT J

Home

B(Earo o|o N

FIGB]Q Example 2.8.5 end gREV ‘Ew
SolutBQ Q K gtwo points each. You can bear
6

the pi point, and leave the other two at
you can bear off the piece on th
points 4 and 1;.0 ar oﬁe& nd leave
the oth " (so'nothing new there
But c e*did before, from the 3 and 2 pomts

with any roll where each die is at least 2. S W
roll containing at least one
25 favora g &d urt by rolls
where boB‘r a d not doubles except dou
Thus, the vorable rolls are V ‘AE

n this case

and ( . Hence, there are 29 f:

we need ar Kze?

there are 1;B‘\’ @ all the cases, we should prefer
the 4 and 1 i0 O
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2.8.4 Doubling V ‘Z
['he ga ackg B with the 1ntr0duct10n
@ c After the S (with its

Bn A bet any player e the stakes
by fli e to a 1n on of doubling the
; @ g player en erther concede the game (and
3 or e double or a the stakes
and control of the cube Ve]\n 0 can next
ch aP R e\done only When there is a

we'sh

doub
all strive to disco SOn.
erstand the doubling CﬁEv % ases.

oub
@ Q t my opponent to acc W
3 When should Lageept Pﬂ V‘E
B’n@ @ K the ability to at least _esti e the
pr ;

vinning the game Note he this.
This is often done by co ts efmaining to
be tr g ially e ch player has 167
poi @ I'Sc
iSsu

res d reader should see [ 22
me we have this ab1hty ba-

bility of Wlnmng, w1th a d itial
s'of t e expected value
nd he optlons available to our o

ppone

When should we consi ‘Ew

Solution: Ag K( QEV
B@Q —S) = 2ps — s.

While, the expected value of doubhn; ‘ d 1‘Ew
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Hence when p = 1 / ‘)ﬁ is equivalent,
eems a; Whlle if p<1/2

1dea. Howeve th yer should
hat thls does not i f the game.
Doubhng When aywnot be the best

e i’ or powerful move.
3.7. Under what Wuble to be
accepted ¢ P ﬁ
Kte value of doubhng le is ac-
emams 4ps — 2s. Whﬂ

1 expected
Value become

&Qk DK W
pR£\l\

our wi n1ng is 3/4 we do not
car:a ol ted r not If p < 3/4 we wo refer a
conc p >3 / 4 we hope our o t s uWept
our double. EV

B Opponent inner table

‘BM - - Hme

6 5 4 3 2

O PREVIEW
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Example 2.8.8. Yo k wn in Figure
2 8 Ito oll oftrol cube Should you

0 utton: To answer t rming o probability
of IP% enyja c ance, our opponent will
“@ avel two" pieces remaining in ition§ 2 and 4.

win unless our roll ¢ W there are

11 ways that could hap Ev hus, there
‘%\;or ur probablhty of winning

1 23436 = .6389 > .5 and we O
xample 2. 8 9 ow are E as shown
@' Ur 1o ol'the doubling cube. Should

~ RF_\I \E\N
gC Y JDPRE y

Home
ol [ o] | W

B 6 5 4 3 2
Your inner table w
FIGURB90@ WamP REou double?

Solution: You might immediately sa C‘LEW
position seems even b RE there
are more ﬁK migh win on our first roll
and our o ‘ﬁ not win on her first roll. But

certainly d face a double from our o VE

oL's
chance. Also, our own
example. T ﬂ e t

o B = your first roll,
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o Fy= your oppo
B Q 11 {not completel guaranteed)

= your Opponent W % WUaranteed
relev R e see that P(E;) = 19/36

ntaln a 5 or 6 and al ntain a 1,
a 81l o ouble 2, 3 or 4. 1 fails. In

addition, t onent. Thus,
ROES) Ne ent E3 can only happen if both
5 h1s happens with 6 x 1/4.
E3 = 17/36 X 1/ V.‘a that are
unfavo at stage This
/36 x 2/36. Now w mpute
e assume a bet of 1 ‘ W
'OK PREV
B 17 13 V‘EW

changes the
Even if w hantce that we roll (2,1) two times
in a row, we he three remaining events have probablhtles

B = — =0.1111.
Comparil expectations we can see tha 1
hold off on doubhng because Ke LP t a
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EVIE

PRE
BO O@Kp obponent WEV&EW
B@ I\ computamns yleld!Ew

Oo&dou le, opp. accepts w
oub‘? V
L‘O cision should be to hold

oK PREVIEW™

Qete Table 2.8. w
RF_\I \t
Kﬂ Qcondltlons under whi (‘ECCW

ble from your opponent.

2.8. 4 n a given roll is the total num-
is pieces may move. Com u e d
count in backgammon

2.8.5 O} . n 6 po1nts from one
of p obablhty you can hit your opponent

t roll7 w
2.8.6 Suppose condition S &4 u
oppgren shalso &8 hed points from your

bablhty you can hlt one of

2.8.7 Condj em Pj pomts
away is the probablhty you can hit
o o

your n your next roll?
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2.8.8 You have three ner table and
the R“ t as two pieces on
BOHE one’on his third p01n u roll. What

a hshed safe points
e Bu your opponent h ints 4 and
is the probablht of 117 What

is the prob bility o ? a blot?
av two ieces on the bar an pponent

1s ed 2 safe pomts i t is the
probablht y u an
Q cube is replaced by a tri (that
es are trlpled Wha it Wthh
you should triple our
2. S 0 y VO p eces remalmng on the firstgpoint

ta le. You have onl nd 4
pomts of your inner ta ﬁ
2.8 9 Sirpp« @K as int evious problem except your
and 5 pomts Now what W
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r, epetltlon is the key id ility as a
. Expectation provides V\&ﬁ average
of %ao ent ( P ere even more
In this chapter we will, con 90 %‘D MeJ prob-
ab111 n at? to more about the possible
e
e g t

ou do not mean playing a game

thre imes, but rather pl WW

even thousands of tlm V&\ boutthow the

outco n r losing) streaks

to oc \‘ ies people tend to adopt, why thege

strate o fail, and ﬁnally, what are our real

ing the house? We can use all the E

and dlﬂ'erentﬁs K p st h e are to
n

“beat t ber of bets of a certain kind,

but mu at to expect should we attempt this.
Repeated play allows us atis V W

peatedly . 0 %t ? statistical sample

populatio ‘, 1 possible outcomes. (Note that,t

set of all o S often 1mp0551ble to generat W

advantage of this in answerl W sake

of examples t rep s like at bats

in baseball g@ the category of independent

fixed probab

93
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w&mﬁ‘*ﬁ

er we defined th ber of ways
of ch051 ey ents R elem en order does not
see h 1S computatlon arigesgeven more

h d seen earher (and i se E&W

To thls end supp e
at 9 the robability of getting exact ree tails

eight times? L‘
Solutlo P &e h out the sequence
p@ ¢ sequence is w

ﬁ . glls R quence. But there are
h 3 es

Our job is really to count

thiswill be fundamental in a uesti n
When con d ? ultiplication
pr1 robabili IS one sequence hap ening.

It i 1s o the probablhtles of the indj the
sequence. Thus the probablht R V

as each individual outcome has ﬁw;-
sents the probabilit, gPtR sequence
and thelterm ‘ bability of obta1n1ng the three T’
Note that the final computation Would be t W
of eight ﬂlps containing exa
of a tail o K p oba 1l1ty of the
event of h eftalls in ght ﬂlps of a fair coin, we ne
multiply t 0 C robab1hty (which holds for w
eight) by the number of d1 Z}Ed

sjoi
ly t to accomphsh
c y alls n a sequence of eight coin

sequence of
our goal we
flips. This is t to selectlng the three positions in the sequence

an
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for the T' (tails). Butle FGV e¥ WS to do this.

gO0K! s @V\EW

K D

B even larger question. W
Questlon 3.2.2._C; V obtawming exactly
ofa ch mn the mng60<r<8?

der to answer this qu vantage

0 What we have j Eq& ber of ways

‘Kis i ips multiplied by the

B one of these sequenc ,feach of
sequences is equally li }

kel ead or
tall is .5. In ge
®r@ eneral sol

sequence.
exactly 7 tails) RE \,E‘w 3.1)
ur\experiment allows us to build Table 3.1.

‘E
’ otice several thmgs about the
Just erformed Equation 3.1 ¢ E
P tlme thi

of flips of a@O%e to
would give the D ob V ‘E

ur er 1mportant point here is
that ﬂlp fixed probablhty eXperlment Given any, fixe
probability experlment with probability p of S W
might be) and probablhty 7 1

experime rob ly successes nn
tries is:
xp xq"". W
The argu E as our earher
argument o ways to create a sequence of
experiments ctly T successes 1n n tries. Within any sequence,
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Probab lit

each RE“ p and each of the
failur 11 q. Thus, any one of the sequ neGes
happe 1t robablhty p >< q" . We then
of such sequences which is
Now we mzﬁ Q stlon
Examp In orld Series, suppose the probabzlz
Sox will defeat the Cardinals in any one
ability that the World S me
Solution: BD@\ umptlons here make thls a_fixe
probabilit ent (even though in real li V
n gam

simple, we will accept thls for n
wins the Seri es requires
that the Re the first six games (and thus

the Cardina three of the ﬁrst six games). This question fits
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exactly our general p REV¥ Wthe Red Sox
mes

SHOW
REVIEW
Sa0u R REVEY.

Question a z

Et > To answer th1s ues ust have

the Red Sox RE victory, in
d s end ve games.

B oX must win exactly three of es and

win game five. These y e s and sQ we can

handle g m three of the
andB @)Ql&e Red Sox win the Serle‘w

OK’PREV

es will help us see other facts ab S -

tlons. B ‘
Questi a w H !ds er Tournament pits play-
ers agai ano an elimination tournament. The fin l W
players play a best two out of three matches for
pose Sam Farha has a probab ty
matches a ence

1. thg 1ty all three matches are T

equirT w
2. What is the pmb
Solution: ilar to What we have already

seen.
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) For three matches the first two

Béﬁ 3 s % ‘EW

B matches we have
6 ) Kh*\‘iREVA EW
1al coefficients are iﬁn of powers of
(p -|— q) (hen sion of a power
(B a gebra we know tha
(p+ qP REV ‘ W
“BOQ‘ . = 1p° —|—3pq+3p +
Here we note that OK 1 = 3.

Thug(j K B@E‘I\EW

i E&/e l-known and important

Theorem 3.2.1. The Blnomlal V ‘nEW
q and any positi
(p+9q) BO P g P2 + 1‘
e th E f you are

There are g
familiar WItE of 1 tio 1t o ers a very straightforward

proof. Inste | argue directly.

~B00
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Proof of Bmomzal Th ﬁ
BQ S AL q
n mu tlplylng this pro \ ing either a
p or g f r of t ft erms is made up of
elng p’s and the rest there are
Certam of th 11& nd can be

grouped togethe h k p’s as
ectl hus, the coefﬁ(nent

he result follows
& robability of

xample 3 2.2.
e p e“random vamable X =k,
er of wins (k= 0,1 € lays of

Vuse p=: = g
h var us probablhtles are re r the

By the Blnomla

3/5
3/5 + 5( 2/5 3/5
Thus, for exa,mple we_s E

repre 2 6 while the probablhty

of thr se ed by the sum

2/6 5(2/5)"(3/5) ﬁ@RE\yby\Ew

DB 5(2 /5 (3/5) = .0768 Ew
and so forth. RE \

Next w nt 1 Binomial Theorem.
This is t};& rlangle

Using thi 1n0m1a1 Theorem (Theorem RE Q‘Ew
BO ;p =lp+1q
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00 p+§RE 3pg” + 1q
BOOKK, ll‘E
5pq +1¢°

BP&SC&I understood all ﬁ een these
coefﬁ C ts thls t co them more easily
e S al

B \EW
PlR \EW
399‘5‘15 REVIEW
} & VIEW

ne begins and ends with

na coefﬁments in the b1nom1al
each of Whlch has value 1. w
after the second line, aregcrgate E line
above t KV term we are creating.
This pa @ e may determme the coefficients for a;
expansn )" by just finding the appropriat

e lin
Line one represents the coeﬁi(nents V‘EW

tor =1, ands t

Exampl m be tossed szmultaneousl

What is theé pro abzlzty that double head ll

times?

Solution: @ @ h oubeheads appears four, five,

or six tlmes that the probablhty of double heads happening
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on any one toss is 4 i We probability

f O th e erms nomial expansion of
I’s tRIR

is'sum is just

‘SR V\EW
P@ @ K ar@ just“the same terms we would obgain if we

actly four, five and SlX puted
m separatel:: a P

@s the probability you will
re at roulette. Then, b “ il t
o(m Eg ok

Although it was easy v\ thi bil-
ity, th and thus makes

actua. o s alue b han dlﬂicult

:::iiig'ég”ﬁ“ pREVIEV

3.2.1 Five cards are drawn from a stan e\e:EW
drawn it is repl ged RE‘ his
drawing. Create a

tab b

11ty0 1, 2,3, 40r5spades
from dec
3.2.2 Using_Ex u bero spades
" rawin

gs. What is the variance for
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3.2.3 A dieis rolled whether the
he random variable
mb vens recorded ind gh probablhty

t

1s b norP
2

3 er, the probability of
B e probablhty huanter:
€W1

h
1. Will hit exactPREVe\ hi shoots.
oflt

B @% W
it at least 1 of the next E
3 2.5 It is k Bﬁ L re‘opposed to a
be1 fans are selected at random,

ility (as an expression_only) NEW
1 Exa Oppose V‘

are ppo! d othe trade.

ewer than 3 are oppose ‘Ew
3.2.6 ? reign born. If six
d

omn, What is the probablht that

1. Exactly one is foreig V ‘
K R

foreign born.

3.2.7 The probablllty a bridge &ﬁw
probablhi r Wll s in four
3.2.8 I:ﬁa records 1nd1cate that 40% of the bav i

have a certaln tendon sur er
all have t
agalﬁ

a

3.29 Ab 11 player has a battmg ave
represents his prob,
probalpi '\ ﬁve
st*ne hit.
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2. Exactly twi EV ‘ w

y th
BO a thr h1ts w
3.2.10 If a_basketiball | [aye V‘r nv80% rate, what
ﬁ obability he wi

even free throws in IEW
E ies'

Qi yer‘has a probablhty of . Vi penalty
ny game, what is:

&ty games without a penalty?
B o b the player recelves of the

next four games‘7

@ ched n pl v four sets of tennis. Is
e ik tobe3—10r2—2‘?S layed
. Is the score more 11
3.3 The trlPi ‘ J K E i
o afsw

Question 3.2.5. In doing this
w1ll s ery good approxunatlons of the
especially if it allows us to avoid V‘hE
only get approximaii® ays
Consider ' oW1l ble 3.1. Let X be the random
variable {teprésenting™he number of tails occurrlng in the ei
of the coin. Then the probablhty P(X = z
,8. We call these val ?

ca ed a hzstogmm

graph thi
Wlth eachBa ith width 1 and height P(
. Thus b as area P . We sho W
3 1 with the areas of each recta Wpa‘g
If we co i i dlS mber of tails
slan

when we fl fou tlmes we see that the general
shape of th are very smnlar (See Figures 3.2 and 3.3.)
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B
;

—

§/256 28/256 56/256 70/256 5 fzi If:ﬁ VY
GBEQ@ 1tlesP ﬁh‘c ips.

If we contmued this pattern 1W we
would see t ntl ues to be a bell
shape r of flips, the closer to a bell sha e
the gr c appear Thus the more we repeat
flipping the coin, the better a bel E
Exam K e number of tails is at
most fiv n ezght times?

Solution: From Table 3.1 we can 1S ] t\EW
first six values b W is,

956 | 256 256 vs\
This was ] at is the
1

probability O ps of a fair coin we would not
want to do t

applly, there is a better way.
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B O ( 1/2
1/4 1/4

=\ Al

VV
ﬁOﬂ%abp REM twf ﬂis‘ A ’

BC == lo b

Kl t ‘ ‘ |
FIW:O ity ‘distribution for four ﬂlpE
ingfli n B ents (i.e., two
e various experlrnents have d er-
bilif1es 6 success and hence somew lity
distributions. We seek a way t
o e

Figure 3.4 o . rox1 probablhty
dlstrl nu ber of repetltlons of an experl-
ment urves become better and bette
of the dlstrlbutlon These bell—sha d T t—
ing curves are obtal d al f i hé form
flx) = onstants re chosen so that:

1. Th otal area under the curve f(z 1s 1 ot ‘EW

2. The peak of the t th zonhta,

aXisB Q 0
3. The ape of the bell reflects the
the distribution. E

The one @Q: is called the standard normal

distribution dard normal dlstrlbutlon is one where the mean
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LAY
LA ¥

I AJ

y] A
! )
) 1

B ‘ 0 J
g Oowmap REMOL ility distribution.
p ="0"and standard deviation lED
Using this one tabl iled so that
10

0ns and obtain very ood

appB assive computatlons we
9.1 is'one such table It provide
Z in the range 0.0 ar ge

ume that P(Z) = 1 and for

questior; @ K
negatiye | e wi ﬁnd a correspondlng positi u
just | to use 1nstead Examples of w ﬁw
be covered in the exam o RE

S

1 get a good approxi-

One c o 0 €
mation ) - istribution. We only use Table 9.1

prov1d
np > 5 an

Now, if hty ta S 1n 80 ﬂ1ps of
a fair con‘B“ arlier examples and sunply ad
gether the 0

priate value elta seek the probablhty for at
most 7 succ ttempts of an experiment with some binomial

rrespondmg tor =0, 1
of (1/2 +1/2)8% or alternately,gwe
There is a ig rsmF e appro—
BOOKR
a
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probability dlStrlbuij B ‘S
B =
is the appro rlKueF W Wdlstrlbutlon
“ g

@ Keresi allows us to under apping
1

ishing. Each va 7 itself
is a random isfdefini t at if p =90,
' ‘-
100 — 9 ‘Ew

T 5ot @&Ct i andard deviation above the
IMEALL] 5 hen V ‘Ew

E?

0 ‘K at 70 is 2 standard

the mce the standard nor

Z corresponds to de r n
curve tr1b

So make clear these 1deas
Example 3 3.2. Find the pmbabzl ‘ W}f
a fair coin.

Soluter @ y use the table. Using the formula

>¢R\=}sl \EW

Now fromB\ obability corresponding to r < 50
Zs50 = 2.12%57.9830. The corresponding are E
curve is shown in Figure R

We now fB ‘Kdea withia Serie
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BOS
BO

\3 Cyi=-
B'@ under bell curve when Z =

Examp winning money)
B l red layi emcan Roulette?

0M: We know that A W n a red
bet and t t ht n ote that
SO we may use Table 9.

—e=r\I\E
‘ Area in Table
B W

B e W
FIGURB\QOP REY I

Now, we need to compute the mi lEW
allow us to be m ey et R’E hence
100 — r 1s he win one dollar r t1mes
and lose 0 imes, the value we seek is t

OKOO PREVI

2r > 100
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Hence, we are money l Wperfect sense
situation, you must
B@ value that ¢ stor =51
.62 in Table 9.1

ea to the

h of this line (see Flg e}E to the left
of the ine we subtract the
hefpr 1 1ty that COHeSW r > 51

B( Area in Table Area we seek '
7=-1.38

Ko
FIGLBQ score that is negatwe

Exam K E RE less than $20 behind
after 10 oulette?

Solution: We already know we can use t, W
must determlne the numbe o

olutl

~1)(100 — ) > 20EV‘EW
o) ¥ ?‘t
100)(474)(526)  4.99 -l
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B O ( Area we seek

B8O .

EG'KHERIREMMH wanted value.
ut this Z is negatiye a V‘Q Further,
ls % t USlng the symmetry

rmakeur

hlS will correspon ed\to the left
38 see Figures 3. 7 an ablhty
from Table 9.1 ?

EWQ/K{ pmbabzlzty you are $ efahead
bets on a smgle numb

Sol > we may use the
tabl r a smgle number bet umbgr of
wins s the solutlon to EW

Symmetric Area

(500)(1 / 38)  1.342
Zy5 =
500 (1 /38 E ‘E
Hence, th as we want r > 15

to hold. B

Example babP EMTL‘50 behind
to $50 ahea a Single number playing American

Roulette?
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O( /
@.Kfomv\u~~
gmn @ eek‘P RﬂEbyn | hé range of

357 + \ﬁ
0 ust b ﬁmo eek the solution to
%0 357 + ( 200 — ) <50 W
\E integer). So

and hence 367
the on i phe st win 5 or 6 times in 200
trie Sl d range of “winnings.”

V\EW

al curve is shown in
e helps us understand the computatlon

=\ Al

The co
Figure 3 ¢

we must perform

To find the desired probablhty \
then subtract t T Z5 epit ablhty
for Zs = (recall the table gives the area
to the left us, usmg Table 9.1 we see that thi

0.5398 =,.(1 33 v

At this p @ Q : e subtle points. In the previ-

ous section

pted prec1sely probablhty distributions for various
Download More Sports Betting Books at: www.bettingbooks.org
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binomial dlstrlbutlons wnents repeat-
ed S allec# pulatzon and obtain
im €s ould not ex te optain perfect
- 9il is 1but10ns When We e flip a coin
1000 tlmes havi l& outcome. It

@ strlbutlon but it certainly
¢ o ctin a s and 500 tails ‘EWonable in
% Pfu&gal result that tells_ usgapproxi-

p

E‘. ect when an exper y times,
at is, a large sample, is mit The-
orem K

érem 3 3 1 mele of

ned P then when n is suffi-

ﬁ distribution will be approxz rmal

The larger the sample ize, et WTmal
appmmmatzon EV

T nta in statistics. It Justlﬁes the use offthe
stan 0 al curve method on a Wlde
not say exactly how large,mn t but
usual >430yi . T}‘:? tlon eing sampled
is to B @ % e the approxnnatlon regardl S

of the . Since we are primarily concerned

O
tributions here, our earlier tests
that the state F mewhat

ntra
simplifi 6

Exerc1ses V
3.3.1 Yougpla Ae : even onRﬁn aprobablhty of

] red”of p = .48. If the game 1s

what 1S the probability you will e

3.3.2 Supp ackJ 1ty of winning
any hE babl ity you leave being $0 or

more er ll hands?
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3.3.3 What is the pr ik ng$ tEWnd after 1000
be Ka T in e ulette?

B g Q she®probability you are hetw \EWO $25 ahead

i 0 e’

after 400 bets on ic

@Kwobﬁ& more than $100 ahead after 300

5 'on a single number in el E t
3.3.6 Whatgis t rob &ga aj behind after 500
Bi ame wh obability of a win in any game
3.3.7 What j ba &ﬁM \Eeh d after 300
in erigan ette? What is the probability

ey ahead after 100 games? E
Ang hat Np\ ity of winning
i ' l@ rohabili ¢ at least $5 ahead after 100
3.3.9 Playing the gamegfrom o} ¥m‘E isthj prob-
B@ @ een h $50 ahead after 200 bets

3.3.10 What is the probapilit are Jn M‘%&W&er
b ‘Q um n [Ame ulette!
3.3.1 Ot robability you are more than $10 i ing

the same game as in the previou tE‘V

3.3.12 ith a B:ER robability of winning
of robabi

$2 pl&M why your answer makes sense.

vy you are ahead after 100 bets of

3.4 The Poisson Distribution V ‘Ew
In this secti i 0 nue Pe& iem of'repeated play.

Along the w ‘\ & D r di

the binomia riBttion in many cases. This distribution has many

er distribution which approximates
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applications especially ‘t he number of
eve ) GK ﬁi r in a specified area
ating example is a W n American
roulette there ut¥independent
ve d t peet SplIlS of the roulette wheel,

ill appear exactly on e
nvrnce ourselves of t ossible 38
number se he « 8 numbers
PP me ermutatlon of the 38 mumbers.
We)kn 33! permutatlons Th at all 38
“
bers appear in 38 spu\PtR
BOQ 3! appear ) ‘Eg
R 0 00
el

it by hghtmng an ttery

ou are to see all 38 nu 1 ulette

Wheel. Since wemea R ers, our

fun @

QuEn “4.1. How many different nu W
pear on average in 38 st P {V

Ques 3l 2. What is the expected Ualu
that represents the number 0 dzﬁ m 3 S
e

. k f distinct numbers to appear and ask wha
, then we know that EV ‘E

where p BﬁQq =1-p = 37/38 But rlie W
formulas can be difficult to ¢ W‘
distribution K
The idea % mating 1str1but10n is that P(X =
1 t

k) remains e he same when the number (k) and the nurnber
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of plays (38 spins) are %EW Thus, 1f we
ider ith 00 spins, P(X

K

A D C Salne a spms

) this is true We exa . Here
we assume the t)¥is n and the

has a ﬁxed value which in

' mg
We replace P w1th )\ hR V \Ew
1—

BOOK RE ”EW

O i .

Bglmatlon comes from l EW

We should vie isip ba ariable Y
1

ap ﬁ ang of sk—O 1, 2 . and the
(the Poisson Dzstmbutwn

In o Qe with A =1, we obtaln the val
which are compared to the corres ‘l .
We are finally ter d u ol distinct
number n ‘ oulétte wheel. To do this we define
some ne les Ew
) K V \
where the Q t g the value 1 if ¢ appears exactl
once in 38 0 otherwise. W
eﬁnP RE al

What is EV(Yy)? From the

probabilitie "Q ee th
0=20)(0)+ P(Yo=1)(1) = .36788.
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TABLE 3.3:
k 1 dis

<k<8

omial distribution

B\'l’ tlon plemhe random variables

hus, by the hnearlty of e we
have ‘

and h
Nl
Thus, w Vera ers appearing ex-
actly o bo 14 We see from Table 3.3 that
this co is essentlally the same for the numb
not appearing at all, that is, EVE‘
EV, @W}t P R spins) = 14.
3

Further n 68 ~ 1/3. Hence, appr
of the numbers, on average, will no ‘n
roulette wheel and P[,B ers will
appear, wit ‘Q@ ly once'

What else ay about the Poisson distribution?
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Slnce the Poisson d? Rﬁ
we can determlne tV *E
F kP

%E EW
BOOK PREV \EW

BBQOW +ER \I ‘Ew (3.6)

thai varEX ; = A. Thus, the Poisson distri-
but1 an and variance equal to
After all thls some example \
be useful. KZ
Exarﬁ‘ week prior to a football gam

e, fans
at the et window according to a Pozsson
arrivals average 24 per hK rigalsiin
e

a given Hzmi
Solution r of arrivals in a 5-minute perloW
Thus, 1f Q‘ Euntlng the number of arriv

- D oK PREVIEW

Download More Sports Betting Books at: www.bettingbooks.org



DOWNLOAD FULL VERSION HERE: https://bettingbooks.org/19

118 Mathematics in Games, Sports, and G

Example 3.4.2. A ‘ ) e averages a
busted hg ( tz pe . hat 18 the proba-
3 @ ) @ no uste h S 1N G 10—mmut

utron: A 10-minut our player

2/3P‘ # wndow. Thus,
BOO 12\1 EW |

:p;e 3.4. 3 A basket s a'fie %&" eofd45%.
Wzth t ! cent the prebabily e player makes

10 a eason in which the pla er, takes 800
S He probabzlzty the player st s made
ina mw?
@& ility the player ake eight
sh is shootmg percentage ility he
makes a shot Thus, & V‘
tlve E

= 0017

e have that probability.
tlon to compute t ilit R
00 .0017) = 1.36.
BKEIPEHSR E

Thus, such a streak seems reasonably likely. EV \Ew
ExerciseﬁO OK & R
3.4.1 Records show that the probablht a EW
a flat tire while driw ap ofie
ven

red

race a Q, @
obability exactly 1 will have a flat tire.
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2 Find the p VV\\ E tire.
st 1 have a flat tire.
pro ablhty at least 2 iEW
3 4 2 If 2 K R &E‘V nd the prob-
f3

tains

o defective basebR V \Ew
11.

defe

Q @ efe ive baseballs.

Exactly 3 defec aE ‘Ew
efecPR

ac 3 k player has determ ack on
3% of the hands te ISP h t is the
e dealt exactly 1 blackj w
2 He will be ﬁa‘c ﬁ ‘
e ealt no black3acks7 EW
3.4.4 Out of 300 aR ‘p bility that
hei ne s 1d

.02. In a sample of 50

, he probability that
1. Exactly 1 has soli col V \Ew
: @é id co

) olor uniforms.

. At least 1 team has solid color unif

3.4.5 A baseballsp hfetPRﬂ g In a
B ermine the probability the player

‘00K PREVE
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120 Mathematics in Games, Sports, and 3
4. Exactly 10& RE ‘
Baﬁyer has a prob i ‘CE alty in any

one game of

€ recelves no penal esgn 10 con-

t e games7
2 What S EV peénalty in 10

ve g
B pro ablhty he receives ies in 10
consecutlve gawP V
Qﬁ k(

% elieve that when flipping omes
p, then tails should come up ﬁ EV E likely
osed to *ev

to come u erpr 1hty is based

on thelid . en out.” The laws of proba ility

do i 1 0 ly for a large number of trials
question, not 1mmed1ately Ev y& nteed that in
1000 flips o PK‘ alls. Rather,
the n ls S be near 500.
a d, anyone who has ever gambled ca
strea s,” both wmnlng and losm !'E
well. In this RE and see
0

cesses. In fact, if you

. sectio
that th e @\ =
play en our/exp e ells you streaks are to be expected l '

Question 3.5.1. What is the probabzlzty
on red in roulettef R

Solution v os on a red bet in roulette is .526.
Hence, th ty you lose five consecutive bet E
(lose five cg REV ‘
Thus, thereB“ will have such a losing streak.
O
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Although the last p ot lE‘ positive and
ay e ould a streak to happen.

@ closely at*this idea later.

ple 3.5. 1 The lﬁwwackjack 18
obab se\eig ecutive hands?

the losmg probability i i W straight-
rwar computatlon N
Q conﬁR V; = 0053
re 1s about a .5% cha O
@& Bﬁyou will have a winning streak
0 S

on black at Amerzca 70

Solutwn We K b ck"is .474.
utive wins) 474
Hence there is about al ch

Ex has a hfetzme battm avera,
3 he probabzlzty he wzll have e at
bats?

Solut u!ess age is 310 that means his
failur ou

WREV\EWD

Examp!e 3.5.4. What is the probability the , W
consecutive hits? P RE
Solution: B@@Kbat erage of .310 as the proba-

bility of s Y cet w
P(8 consecutive P} EV ‘E
From this ’Q h more likely to have the 0 for

16 slump, thi t streak of 8 for 8. O
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The above example ility of many
1n of 1 1t1 ro streaks can and
ay enough We t turf@l to measur-

hdod of these th1n s V‘IEW
R th the .310 average) bats 600

at the probabzlzty he has r 6 [slump ¢
olution: Here isa se nWelp us. Let

rafide ro 0h1t51n16atbat
: . a arge number of tri 0 mat Pats) and
oba 1hty of the 0 for 1 ve € When we
can approx1 ribution. Here
6 i t equences as every at bat
ﬁrst at bat of one s us, as
=1.544 = ) W?RE
44
ﬁ 2135.
ere is a probabilit of *‘\E ppen,
meanlng there 1 w‘ht
D — 2135 = .7865 w
Ma\l&r ayer

that such a slump will
with g e mps are not really
unco u 1 to e expected especially among players

with ber of at bats.

Example 3.5 PR‘ ;V \sﬁlac jack,
you wzl str k?
Solutwn e are 193 such 8-hand sequences all
hands are the first hand of such a
know the probability stre ts the
number o

((193)( 0053 0¢—1023 E
Hence, the probabi 95 =
.6405. Hen(B ba ility of one or more such

losing strea O
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Exercises: Rlﬁ
‘,KaveE pr of .55 of winning a me against
ves, what is the p ilit ‘l W
utiv inst the T-Wolves?
BO s1X consecutlve games -Wolves?

the Bulls?

The T- Wolves seV i
B@@K atting average of .306, what is
1. Ge

B 6 ‘ @ ; its I hl;% Iig at bats?

gets 5 hits in his nex 5 Ew
(& ats, or 8 streak?

4. During,ageason \P
B ’ 0 at bats, he has a 5W 5 at
3.5. 3 If L RE)M \Eercentage of

bab ity

. He makes his next 4 free- Wi ‘Ew
2. He misg Xt 2P
onsecutive free—throws'?

DUuring a season where he shoots 8 a
streak of 10 consecutivi
Klaere fre throws he has a

1ssed free-throws?

3.5.4 If the Yankees team’s Wmnmg pe t 1%).560 tW
probability ﬁE
Q next 2 games?
ees win their next 6 games?, V ‘E \’V

3. The Yankees win theif nex
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6. Over a 162 nning streak?
one)‘ presen as a battlng avera, 375, what
a 1hty he will V l‘
BO s in h1s next 6 at bats? \Ew

3 Get no hits 1n
bats he will have a,0 for 10

o F_\J \E
3.6 Betting P V‘E i ‘

e aS) [Khn as old as betting itself, 1s t ei f bet-
tin 2gi€s. ere will always be pe beat
the house w1th some gr R’ st p nyone
thinks_of doub Zmknoewn as the martingale
sthaQ

artingale referred to a class WA
in France in the 18th centwry ( s¥‘ e\gambler
doub los imitial bet after every

’\ fte every loss, the first win recovers
previo (in this losing streak), plus provides
the value of the 1n1t1a1 bet. Since X W
the martmgale he p }R tleas
Howeve s1b fla e system. To make the
arithme ' e t assume an initial bet of $1. Also, s ﬁw

bettor loses his first seven bets. Then at this W‘
319 KMR N
Note th a classic geometmc progre

s Nh'

series discussed earher Tha is a v e firgt

term is so anl n consecutive

terms is 7 ( known theorem on geometric
ns

progressio

St glance.
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Theorem 3.6.1. sz
B ﬁxed number the ‘E given by
—\ar
Q y T
Sn be the sum of th e‘rE ogression.

 SOK BREY

BOOK’ 0+0+. +O‘aEw
BO O i a—ar® \Ew
@K &E ence, r = 2), with an
1n1t1 ing n consecutive bets mean‘tEWw
K he ount of money lost would be
$27 d - n be Would be $128 Wthh Would lost
$127 and yield a $1 proﬁt if we win.
Let’s now cons1de amp?
Exam itial bet at black]ack was $50 and

Yyou hav se utive hands Playing the martmgale s

much would you next bet?

Solution: So fa m P

$50+$100 —-2%)/(1-2) = $50 25

Thus, under the martlngale system e 1600.
We note t b ty of losing 5
consecutive 038 and hence we should

expect nearl e tlme such a streak will happen.
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Example 3.6. 2 Sup, rican roulette
sup s How much would
the g € systemQ

j
So far you RE
a‘ K WP + $1600 + $3200 =
us, your next bet wou %‘UEW
1ve splns at roulette

| ) o Thus this Wlll average
e tlme

the martmgale

hes ple e
bhn yo bets you are dramatrca
creasing your Wagers ‘

under the martlngale syste n,
ke qom§ . ce y ing at a 1sadvantage the
ho @. t‘ ere is also where t s@f rules

co towplay. Every table game come t you

must bet and a maximu eVidea is
tha K ‘“E 1 strategy a dangerous
oneE a losing streak long eno tha
can double your bet. At that st less
and you are also out of, E
CleE ) 5 K es‘you can double your
i

inimum bet. But then, the amo

you ¢ i n any one of these atternpts is a
Hence, winning a large amount w S ta
Another betti at is mgale strat—

egy. t g e et T a ually beheves in streaks and
hopes f g streak. The idea is to parlay your b ‘atPs’
combine your winnings from the last bet 1t 1
your next bet Here t e o is b hE
is more li
This sys r pid*gains. Startmg with just a $10 indti
bet, a win streak of just 4 bets would leave
for a $150 profit. The bi EV
happens wi 6K P
B 474 .0505

Download More Sports Betting Books at: www.bettingbooks.org



DOWNLOAD FULL VERSION HERE: https://bettingbooks.org/19

Repeated Play 127

at roulette, and with V ‘
‘ ) =.0531
ackj ack SO that m &\g rth victory,
1ng Even worse, most
" e va afl the fourth victory.

clearly the key to succes Wsystem is
knowmg When t it E u lythis is the
E mathematmal Sy e/common.
St system is called t V‘% tem you

te

de01de how list of positive

als the a decnded upon. Note that the

as short as you w1sh tlon your
bet you wager the su V*ﬁ rrently on
the list e th R on the list and
l i you win, you cross those two nuanbers
1f you lose Wr1te the amount mber

on the end of the list. V‘
You co ntil 9 off all"the numbers from

Q@ won your desired amount of mon

you et any more. Now as Wses
do not outnumber the n % you
will be ro ou should reach

your shrink in length As with the
earhe e Haw here is that your bet sizes
reaching the house limit or your )‘5

Specific analysis g cell PR 1s difficul system
d quence of outcomes random.

of bets B % ‘
Proble .6.1. You are rolling a pair of dice and,
cancellation system with a list 0; P R V‘

You will uﬁ ; 8 or 11 s rolled and lo W
to test the cancellation s PR
The mora 0 isWsection is: there are no systems for

betting ﬁxe ty games that are guaranteed to work. We know

Download More Sports Betting Books at: www.bettingbooks.org



DOWNLOAD FULL VERSION HERE: https://bettingbooks.org/19

128 Mathematics in Games, Sports and
the expected value o nd no fancy
ser C of p dopt some variable
it c change the fact t eagh individual
ive expected Val W\\ot worried
about your sysK P ]‘E’v‘x ould not worry

B@ REVIEW

ar mgale system you decided
rip 11 g system that i 1S aff 1d triple
your bet until win R estart \with your

B\D& ormula for the amount Wecutlve
losses, if your 1n1
PR \7 \F
Bgﬁ ou ahead if your first victor, nd two?
‘Whand

4. How much are yo

3.6.

D and (4 from the previous i Whis

or the standard martmg ;Ey \E
3.6.3 P th a goal of $20. If
li '
resut Rgn win, loss and loss,
after these five bets have been placid '

3.6.4 Suppose you play an antl martin
game with the fo han pa’
@ @ | lay alf nlngs on each bet If

w the sequence of bets if o
cons ive times. V
3.6.5 Dete r ' e et on the nth
bet, uB @ s tem W1th an initial bet of $1.

Do the h an initial bet of a dollars.
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Rui

B ‘ q @
¢ oldest dream of se or more
gene Hy 3 ?R nent so no further
ern e opponent is often ghe casino

nce to breakmg the
Earher we develo d !{ ity of being
V SO ount after a large number of
" bility game. We used the normal ap-
on to estimate falrly But now

suppose we consid I?
éKlS the probability a gambler n unspecified
bets will break the ba v
%’ roblem. In attemptlng to
ill 'get yet another look at long—
cts agalnst the house has a

cons1stent advan e
eed to make some initial
assu s - at some varlables Thus su

star th m units of money, while W
1=unit

is a total of ¢ unit, .
bets K i e unt11 either he has all
the Bﬁ P se has*all the money. We let the fixed prob
p den e probablhty the gambler wins a W
denotes the probability the

Clear mgs Fc a ving up or down one
unit Wl’B‘ will continue until either his hold—

ings rea ing the house ) or his holdings reach 0 %‘

ruin!). The game will end 1n e1ther of t
the two sides is out of

For eac
BP gambler succeeds glven ho V ‘Ew
Of course ﬁgE
BPQAbler is ruined given holdings of m units).
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There is a clear start1p QEV \

BYQe note that 1f m = one way to
succeed t a e d with holdings
fa cankbe ressed as

mhe gambler has two_ways to

1s next bet and then S its or he

his next bet and Kﬁ express
>< 3 q X p1).
en the gambler has s Wmoney
and hence Q R

B)Q\ e type of arguments t ce n for
p2, we get the followm t o R V oba
andafor m=1,2 3
00K P
B orm=1,2,.
The above system of equ V \E
exist powerfu olveP\ se'techniques are
beyond d » ¢ shall take a more elementary
algebra1

First we note that another way to wrliRE
Now, usin, DQ

& ion (3.7) can be rewritten as Ew
P X Pm+1 :P REV ‘
+1 =P XPm =G XPm—qXPmp-1
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Km ﬁ%EV\ﬁW
Qp“ SREV \EW
oK PREVIEW

Addgaai:;:“gfg?"“—""

\EW

Q ( .
Retur em of equations and repeating the EW

cedure on only the first m — 1 equatlons RBV
Solving B;Qi substituting the value of We
that V
t T

131

*B»Q o)

Download More Sports Betting Books at: www.bettingbooks.org



DOWNLOAD FULL VERSION HERE: https://bettingbooks.org/19

132 Mathematics in Games, Sports, and ]KT
for m=1,2,. ‘E
t n te ti‘Pr& friend, a geometric
nu r and denomlna , we will be
more. From this naly81s into
i
hat

o wageﬁmvmw

we can see tha kmg the
bank eq ls R 0 otal amount in
y ( game," the oldlngs of one gampler are
elat ] cant in comparison to us the
probability the gamble in set game.
ThlS faCQ K P a o trylng to break the
ppose p # q.
In this case, q/p ions to help
us. B @ 3 6
1+ = + 'E
and aB@ ula for obtain
1-— q/p

= 1
Now r % andP mula we must again

conside

Subcase Suppose g > pand k is large eno
compared to 1.
In this G@ ﬁy P

q/p
that is, we denommator
without reaﬁ t as t grows large with respect
t

to m, this c 0 grow close to zero as 0 <p <qg<1.
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Subcase 2: Suppose S 1 ‘ /p)t is essen-
tla ! 5

- er the gam 1er has the e e house is almost

0 1ose. But where c ul setting?

Hence 6K&1 ﬂ fi d er is ruined!

3 7. 1 ase el\iulltte where p =

e gambler S probabl itygof break-

u is approxnnately gambler

and the house art e gambler will be

abll mbler will be ruined

3E 2 Do the same ana!zsm REV‘CEW%SUHE
3 a alysis as Exercise 3.7. lfov‘fEW@B
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B@m’;i JEW....

In this chap r V

- 0 tions. The idea is that
g, a ematlcs you mlght nev xisted.
learn these card :&E atical
base by earm Rﬁ math models.
someg of t we have already seen. What
owing a little mathemati a big

ad age in many 31tuat10ns'P R V‘E

0
wﬂﬁ REVIEW-

3 y an old two-person card trick
tends e a mind reading trick, when in i W
cellent example of encodi for Ev% oped by
Fitch C K P he known math-
ematic B several beautiful ideas and allows
for inter g generalizations.
The Tools: The trick begms w1t V k%s
and a partner a 11 F etric

file

The Tric

the deck as much as he w
and then ve cards Now you will lay f W
up on the table and one face- UEIV
(have your viewing the
lls

v1ct1m the suit and rank of

four face-up
the face-do our partner may want to put on a bit of a mind

135
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136 Mathematics in Games, Sports and
reading act while doi W
The '@B 1s is not really a mind
ca _ @ th f encodlng 1nf0r t jour partner
pgead and use to determi "% card. Our
first quest1 0 i

B matinf ation do we need t
The face-down card ¢

rank and
suit. F‘% Ing the four face-
!T' ' e able to read the_info ion and
rank and suit of the xample,
suppose after we DK f?ﬂ Ev s\below.

_“A'

S 10%0 J 5

S 10 J

FIGURE 4006%@ PREV ‘ L
The"easiest bit of 1nformat10n is the suit w
and thus, by The Pigeon R

must h of 0

Theore 2 igeon Hole Principle:

If n + 1 pigeons are placed into n pigeon_ho le
contain at least two pigeon P

Proof: Q olesl contained only one plgeon then
there Woul pigeons. But we started with
hence one hole has at least two plgeo V
1t as many uses

The Pige
and powerfu least we should also be aware
that there is eneral statement of the Pigeon Hole Principle.
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Theorem 4.2.2. Ge V ‘(EW
Let g1, KppﬁRE]
BOO q1+qz+...+
67‘Est igeon hole con-

ngeons ar
ons ort
or'the nth ngeon hole co
Proof Thep o Q thls
e 1 COl ta

[B'QQBKE) have q1 + g2 + . E s —a

W, th gn\o es, and hence we
ha @ ha e been dealt five cards e see
we ve one sult Wlth at least two

We Wlll use one of aF h other

will K 0s 1on ithout loss of

a he left in the row of four face-

is th rd®signaling the suit. Our partn the

suit of the face-down card In %v 1 the

face- ya élubs.

?E @ cdhow" to encode the rank of the card.

have aining cards that we will place ﬁ

y\ wil take

cards can be anythlng else in the
for encoding atl
advantage of ssible ranks. We picture the ranks

Note that any two of these values on the ci

most six from each other algn EV

separatio KerucP illfexploit!
For the'B i

ranks in o toHave a low ( medlum

ngeon hole contam at least qo

sh to determlne their relativi

encode the 1nformat10n on th k o E
of a lexicogr d is w ofthese 3-tuples,
say t1, will : e 0 a sa; tg, prov1ded in the first place

where they r e entry of t1 is less than that of ¢5. Clearly, this
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138 Mathematics in Games, Sports and Gaﬁbing

V
V
BO - 6 N

QUR, 2 S BRE
FIB( he card rank cir \ﬁVe‘
ide = ﬁ forlany 'k >"2. For our 3-tuples, a natural
orde ; nd thus, the ordering nks
produces the lex1cographlc ord B ‘
O OK/’ EI his
L HM (call this 2

50 OKI RE VIEW

call this 6)

Note that any orderlng can work ‘lﬁw
to use. Howev S t Iso
note that ‘ pon' h alphabetic order of the
suits of t mple,

Thus, with QQ t least s1gnal any value from
one to six to hat Value we signal depends upon the two
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Card Tricks and More 139

cards of the same su1t \E down card be
Wh ar e th face—up card (based
a rsedclotkwise). Our par illlook at the

e rank (as well as it the amount
to add to that n fronF ‘Ey ed/cards, and thus

t
“ .K t face-up card is th ing of the
ree cards is M,H,L 1 QEJ d 4 to the
8 and henc n 1 R p n turning the
B ﬁ ‘@ queen o seen in Figure 4 i '

Sde 109 J 50 O

J 5% Qe

KV —"
GB@ Q&ard rick completed. Ew

EV
.BOOK PREV!
~ 8Q0KP REVIEW

4.2.1 A Q
Now We a joker to the deck and won W
done. P

Example B Qo%our echniques if we add a joker to

the deck?

Download More Sports Betting Books at: www.bettingbooks.org



DOWNLOAD FULL VERSION HERE: https://bettingbooks.org/19

140 Mathematics in Games, Sports, and G

Solution: If we are &ﬁ as before. If
we oke R are t must consider.
‘ aveltwo cards in one suit.

is case we place t W trick as we
normally RE lace and ordering
@ d ind e second card of that_suit. But

E; 0 Q decodes this, she will ated card

face-up among the th V\‘Ee 1 that the

oker c
B“ th Joker and one card of e her four
Int a pP R Ve\ rank differences
6@ respect to the rank circle) we in the
se rank indicator posi e 1 es the
face—down card. Wi E% ing the
hlgh hich you prefer ) of all
IBQ ce- up tells your partner réldealt
d the Joker SO the suit_of i e one
missing from the tabl Ev hé&lindicator
ﬁ Khe r value plus the value
1nd<Bl\@ elordered cards tells your partner t nk offthe

face-
There is one ﬁnal Sl n t alt the
joker e place the Joker in
ca

the p r and three of the rank cards fa ,
the fo fa —down The Joker in the indicat 1
for this case and your partn V h
card of the ra e ta O
Proble ot see the followmg cards in order

5&, Joker, K# V \
What is the fac thzs

4.2.2 1at10ns of the Trick “ Ew
Another natural ques is E

Question @ ’ ary' t

and/or otherisized 8
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Card Tricks and More
Everythmg fell into \Eycdd trick. The
P1 con H c1p1e?i& ectl rds of four possible
\I | s oniithe allowed us to h of¢ards whose
one direction or the ot Values from
one to six were_al a ons of three
r rap F . w are in trouble when a 53rd
inciples ehlnd the trick br and we must

\s
er things that will all trick. We
saw this w heij cia as not a part
a&@ ys of handhng this case.
3 uestlon 4 2.2
stions.

we r simple
K dea our cards what kind of deck
a similar trick? w
Solutzon )&ﬁ S, we must
e oa 1geon Hole Pr1nc1p1e With
s

111 guaranteed to have t suit.

ce we place one of thes left with
three card - d orm F& card ate the suit
“ e-down card ThlS leav:
to¥énco

Wlth e the dlsplacement of the

the base rank card. But two 1b1e
permutatio s think of
a five @ t WO between any two of its

five r ection or the other Thus our d e
to consist of only 15 cards, three suits R suit.
Exam ”K to¥encode information differently and
handle deck?  If so, what is the largest deck

handle if we are dealt n cards?

Solution: % Kle P REM:!@ question
How man send if we are dealt n cards7 A

being deal

we will place one card face-
cards to transmlt 1nformat10
ability to r SSlbl grows arge but

Just whethe Q d1 1nct 81gnals There are clearly
(n—1)! wa r these cards and as we have n choices for the
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face—down card, one ‘)ﬁ n—1)! = nl
diffe en an u on the deck size as
c 4 ' als n send and we can.add the number of
that total yleldlnEV ‘E

K
% PREVIEW

3 be able to handle the u dfon d?

s a test we consi P ‘

; Q‘ a @ nsider the case when n = 3 with_corresponding
ized=31+2=8. W

Notet K ER&V‘
p % of elght pumbers rRrE\i.‘EWH

number for now Ke als

8 ‘ ‘
unor e-ca; EMumbers Thus, for
this A o rat bzyectzon that is, a mapplng t t
assign of the unordered triples a un1que ord
ordered pair appears exactly onc
More forrn ? e call f
a iject

tlsforallaa € A, with a # d

and
f is onto that is, for e EY
In Our cg d @ %? will be the
e seekl aPunction

set of orde » @ f such that f assigns to eac
unordered ". e a'unique ordered pair (of eleme W
in theory, such a mapping waqul ylel W}\

red pair with

see the two
one and onl he alue not seen is the face-down
card. Note t a mapping is p0351ble whenn=3and d=8. [

Download More Sports Betting Books at: www.bettingbooks.org



DOWNLOAD FULL VERSION HERE: https://bettingbooks.org/19

Card Tricks and More 143

Questlon 4 2.5. Ca iﬁw that is, can
zyec tifor e signal we can send,
ter mn
a

nswer thls questl V\&gWhe problem,

graph P r (V. 1s a finite set of

" jcestand 'F 1S a set of two elementasubsets of V/
dge his formal definition E“Wﬂodel.

oK P"REV{\E}W

Bc " -+ "W

v3
IEW
FIGUREBQQ he graphE}E:a:plev 4.2.4. w

Using gr oW Eylpper bound
problem. S @ wi d = n' +n — 1 cards and a
r

hand of n ca e concerned with sets of size n (the hands) and
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ordered lists of lengt ‘ n we build a
pe o a ]PK’ stlo

a estion construct a gra del as follows:

erti e graph will be paxti s. The first

y 0551ble hand

ould ' erise in (n— 1 ! >< vertlces

) a'possible ordered list of uld place

We now g EV an” “ordered list”

‘l he alements e ordered list are all im the set.

ﬁ now check that each artition

he vertices has th con the same

nu beOv S rt}‘:PR nnécted by an edge to
0

er edges Such a graph is
caiB graph, that is, a b1part1te ra, h all
S are drawn between ver V‘E hese two
sets partlt ol ?E

ch set of n cards with one and onl
ord lements of this list shoul
Luckily, there is a famous theo W\ is
known as T PI\B SHall [17]. The
goal ﬁ]\g elements (like in a marrlage

p

If we air each element of one set of v
graph with a distinct vertex of the oth EN

same cardinality, we obta Rﬁ at state
Hall’s ﬁ W sil e to our problem.
Theore Hall’s Marriage Theorem

Suppose G is a bipartite graph with |‘E

the following are equi RE

1. G has @@

2. Every connects to at least k vert'

3. Rvery subset of k vertices ofB connect

Now in o € u lyln' where the
degree is th Jes| comne ng a Vertex to other vertices.
i

We show by on that a perfect matching must exist. Assume
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there is a subset of k v ‘? that connects
. ertic R e nu es 1n01dent to these

s ere are fewer than k: verti B incident

outhese ‘@ es hen by the gene one of the
vertices of B EV‘ inaid t to it. But
Kn' to'it. This contradiction shows

1I’s Theorem must h aph has a

atchlng This perfe %{ jection we

seek
; 5. Conszder ah Wdeck has
= 3 cards K ? each hand?

{ convenience that our deck i and @

®There are three possib dealt,

namely AK o 6K KP Figure
AK AQ K,Q\

There are several ways to select a aEW
ple the matching e ?OR

From t ' ow to use it to do the trick
in this cas pestible two-card hand there is

a d1
1 card sequence that Wlll be placed f: w
the hand indicated by t R card ace-
down. d
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K, Q

QQyou are dealt oing the
standard_fivesc rd and what is
Q face— ht ?

B ose you are dealt 4& ermine
the face- @ f he face-up

re oing the ﬁve—card trick Wd you
are dealt a an at do

uQ
4.2.3 doing the ﬁve—card trlck Wi you
are dealt 4é, 5O, 6 hat

YGQ

3 cards in a brldge hand. Th t
contaln at least how many Cards7 j
B@K/ﬁo Then one suit

many cards7

4.2.7 If you wanted at least three clubs t iEW
at least five heaﬁWStPR ow i an| us
be

4.2.8 DeiB : !gectwn that satisfies the n = Y‘i
4.2.9 You are e car B
partn —do n and you see the arrangement
in Fig s the face-down card?
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~aw=\ Al T

J# K& T Ode

= e PREVIEY
imple game, but one wher guess
as to its likely outco V SE
ame: i th t\P ksof cards. Give one deck
] T

to to person 2. Each deck is shuffled a ch as
de . v person 1 and person 2 each v 0 their
decks. If the cards match ex 1 e‘ not,\they each
turn_over .n f th?e . me repeats until there is
an ﬁ @l e s in"the decks run out.
Question 4.3.1. Would you bet eve e‘EWmct
match before the dee Kwﬁ. R
Whﬁ s qulestiom over the years, the majority of students
have r ded no. After some further questioning t h
answer is sometimes given. V“ﬁ
There is a Lpchanee ard PB 11_match deck 1.
Since t a@l tchiithe expected number of matches is
52 x 1/ usi®ve should expect a match at some pointdn
game. w
This rough argument allows gne t i EM’L b eete
and henc etgBMa ﬁ %ri e asonable. But can
we say m ¢ @ velactually determine the probabilit er
will be a , s giving us more information? W
The solution to our question lies in SEV(%* jons.
We have two_standemrg K%ls? i e second deck as
a permutatig ec
matching of s afd it occurs upon turning over the ith card of each

rst 'deck. Suppose there is an exact
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deck. Since these ca siﬁj e\asking for the
permutation sent C degk t zred point, that is,
% @ ) id not chamge™positions under t e ation.
here 0 match only when de resent tion of deck
1 that has no fixedgpoi 1 h'%a/pe ionva derangement.
an, dertainlycoun tations of a standard deck of
Ca g /are 52! such permutations. is lhow to count
ose permutations that are . x
To count the,d gem i seful totactual unt the permuta-
ol a ngement o this we will apply a well-known
01 echmiique called the inclusion-gxclusi 1nCipl]
et P.,P,...,P, bep ch the\setlS we are
c idO @ P
fordn= 12N % SUPG E of S which have property
R-B @ b preperties). Then A;NA; is th t jects
th ve both properties P; and P,_(an ib ). nuing
along this line, A; @A off@bjeats t e properties
P a1 ssibly other subset of objects having
non [ Q 0 S w
\{”P’REV \E
Th Qsz n Principle tells us how to count the n r
of obj having none of the properties, b ti i o}
have properties. E R
Theor . [ sion~Ex
ber of o of ¢ which have none of the properties .
P, is given by E ‘
AM“h-B"@G%BR T D [Ain AN Ayl
Fo (-1 . | ‘Ew
where the fi unPsyt a et all ('B‘R inations of {1, 2,
ooy mb, (mB @ ] % isitaken over al (ZL) of the 2-combinations
ara

of {1, 2, ...) so forth.

clusion Principle: The num-

)m|A1 NAsN.

H
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Proof The left-h e number of
ects P e can establish
‘ gt 0 Ject Wlth no properties
t Ew
n

t with some

u g tal of 1 to the ri
of the proper‘m trl side.
opertles Then since it is in

) @ e
ets 1ts contrlbutlon \oEWnd side is

BQI’ ectz with exactly k of rlies (K > 1).
it contrlbutes 1 ‘ 0y, |A |
is k since it h KE

i trlb |A; N A;| will be ex tly

0 11 appear 1n k

; i i exactly of the sets A;N ] anner
the contrlbutlon of x t forth.
Th t our equatlon is

EW@W
555 dk PR
Bﬁ <z>RREV’f\§W

proved

In our case the set S is the set of all perm W
deck of cards. The properties F are V sitio
i, for i = K f the properties
is one Witﬁ. hat is, a derangement of deck

Next w determine the values of t
inclusion-exclusion prln(:lple o) W rof
permutatio ck 1 io 1s places
the permut‘g ermutatlon where there is a

hen in the other n — 1 = 51 positions of the

match in po
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150 Mathematics in Games, Sports and
permutatlon we may 1 cards. There
are_clea ol\do th F permutatlons with
@ hes t@ deckt 1 see that there = 50 other
wl 1ch to place the Hence, this

can be done in (n is'same line of
st complete permutatlons with

k 1. Now, applying_ t -exclusion

D e we see Wlth m = 52 ng
300V‘ " E W
BOOK E R 50!) 49'24-’ '

BOO ™ (%) Sans V\EW

oK PREVH
B i PREVIEW

52!
~ 52! x = V 3 w
. Kl E.\ Epr ation done in
b

er of derangements is approx-
ha 1s, 1/e is approximately the fract& T
P

|AZ ﬂA]' ﬂAk|

mutations that are derangements. But
ately

mately 36. 79% of the t Gae t e W11 a i

1-— 3679 ill be at least one
match. F ese are really rather good OEW
Exercises: P

4.3.1 How “ Q n§l are there for a set of four elements and

how m! ese are derangements?
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4.3.2 Suppose you pl i\;ﬁ decks of size
R at | tc ?
e th previous ques “
P ﬁ me for decks of 48
t 18 the®ro

B@ ability of a match7
3.5 In playing a certai Vlﬁ to receive
¢ s er o h cards of the deck must be
e always has either five or rs, how
sizes from 1 to 2 v ‘€ r game?
Pp m for 3, 5 or 11 players
@ o B 1000
4.3.7 A group of peo ]
r @ fro ¢
. @ s of these Slzes‘7

ﬁ@%&? EVIEW,

The up: Shuffle a standard deck of W
face-up on the table and 0 t
an ace ﬁ@ ount ds on top of this one

f 8iz . How
low an even division of

(counti e _per \ea card to reach 10. (For example,
1f the fa as an 8, then two more cards wo

top of it to form the pile.) Now st EEa

card. Keep making p apRt

that ther mg ards*th o not total 10. Just
keep the

The Trick: Ask some victi cho ea p V‘v& W
three or m ce-down with
the originaloa the remaining piles and place

e

them, along ft over cards in one pile.
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Next you count off Lﬁ d place them
as1 ¢ 1ct1 R et one that was face-
dc as many cards thatgeard’s value

\ -- T plle Repeat thi w
Fmally, count, t e'‘and this will
K ? plle If you can do the last
B‘@ Jcoftspictibusly, this will help W‘Ew

Example 4.4.1 yd
’ pu ly ar1thmetlc Each fa
va

e ¢ and then 10 —

11 —x card K s
6 (11— 11 —2 w
ards are in t ese E ards, then
C c card in two piles, without
los th e values are y and z. Thi EW
car have been dealt out SO the
must rt W 1th a card of value x.

4.4.1 @
simple trick, but it looks nlce he EW

call 1t friends find each other'

The D , ueen jack and 10
of each B e cards in that order in each pile.
These il "comprise the deck for this trick.

The Trick: Have the vict y er'an
repeat unti 0 - K ? k to the victim
and ask hBQ ave someone else also cut the

perhaps se es. But make sure they are W
time. After some fair number of euts W ards
from the de tai P t 18] the aces will

E
all end up t get e queens all together and
so forth.
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The Solution: It is trick works.
0 ent ha,t happens is the
bo ut they remam me relative

o) thlnk about t o the other

part of the dec rder viewed as
d are dealt since all the aces
B they remain five apar, illall land in
e pile. ‘
BhQ Krlti e&
again a complete r‘LEW difficult
to ﬁgure ou

@ v1c m shuffle a deck of cards ad all
qu ns and klngs removed Have
the Vlctlm then dra E you the

@ her ¢ I of that card, then add

th . im"or her multiply that va 5.4Tell him
Sig ember this number. ]E cond
card from the de m value of
tha ‘“ W h et announce the final value.
YouB ) r the two cards her or she
The Solution: The work for eas w
the total announ K tpR th et are the

ranks @

Why s: he arithmetic here is straight
the first card drawn had rank x I‘<
steps of the tr

5 X 5

as the ﬁna: value. That is EV \Ew
Once yoBt@ Q'K totEl you have w

10z + V E
remaining, P have a standard
base 10 rep be and the first digit of the final
value is = a 1g1t is y. O
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4.4.3 The Nine-C

We ¢ y easy card trlcks Our prob-
BD o o is™to determlne why

eck: Have so deck Then

Q@ h 11 hey want
Ask the vicim i a the top

0 h card he or

(make thls
3 vT ave hlm or her deal a pile
@ one S moving one card for h word.

en any one Word is co e p the nine
card de h R the ake sure the
pile " card from the deck to top of th ile! @hat is,
t ;’) d sp “three” (getting a We then
moved to the bottom W then
&d? orlglnal pile) and

le .

ol five cards to the bot

n the vicim is ﬁnlshed \
and tell the vict p& as it\4s al
thagén‘

trick: Now do it agal i 1&5
is, he or she sees ca any other
card. ' mid le 1S stlll the one he or she
o ﬁ

is only works for nine cards and t W
Why does this trw@)KhlP‘éE

Exerc1

4.4.1 Explam why the nme card tri \Ew

4.4.2 Ex @ d triek work if the victim lies to
2EVEW

4.4.3 Suppose we make the (o}
Trick. 1 s as 13. We
deal aﬁo@\ p t 13 on each pile, rather than 10.
After ree piles, we discard 10 cards and perform
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Card Tricks and More

the rest of the tr E 1 n\rE also predicts
th

B 1fferent sequen s you to do
the Small Ar1th R‘ ‘
BAG @ E er trick work W decks?

e Paintball Wars

‘Kl ¢ Vte‘yﬁ paintball when

three players will have ve ifferent

;3 els is shall trlgger the s hat we
have three paintball p yer w& e time,
Bob ~ 75% ) 1s deadly, hitting
his bat 4 e e® In order to be more fair d ake into
co bién the different skill levels o la; -way
palntball shoot-out t lo V once i turn
Ok PREY
(hi

then repeating as

If Al kills Carl, 111 ﬁrst shot.

1 ce al ) on his first shot.

@ it by an earher shot h1 fufure
turn ajor question for Al is what
If Al O en (U r& 100%
Thusg ook good for Al. But there is one tion ffo
consider, one that actually sounds a bi “Ew
really have merit. o dg YRE

il

leaves a d G 1 alive anl obably more worried
about e @ b ut®Al. Letting Bob and Carl shoot it out

and the ing to shoot the winner of that batt
option. This is assuming Bob and V‘YEO e
But this assu on Ji@ . R st_certal oose to
shoot at C ‘Q d survives, Carl would also almost
ertamly

at ob as Al is a much smaller
How do we ana,lyze the g
diagram si Wlt me W1ll help
After Al pu 0 the eneral structure of the tree for
the remaind ame is shown in Figure 4.7. Note that missed
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shots create a rlght br WThe triangle
labe examined in more
B @= @ in@ the su tree W

B misses

BOUN + o
.7 The strategy tree REV ‘Ew
e&xaily what happens in the
Foll paths downward, we se me
endings, Al wins with K)th
or Caj wins with probablhty REV ‘Ew

Note, t@ ase When Carl wins as he is killed b
shot of the left subtree of outcomes

Now consider the left subtr; E\y m
From thi 81tu involved here.
But, we z& re eatmg A’s turn in order to hel
simplify t e subtree D is just this rep W
p be the probability that B fro W tree
where A is O K ?‘ e see that

% p= — X Z X p.
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—aw=\ Al

B misses

157

R is the right subtree

B

OY\ | )
B@ left subtree. w
ﬁ‘o hatP R robablhty that B wins

- QQK RFV \EW

Thus, Al’s S 0 mg &E mthe
best gt game.

Exerc1ses EV
4.5.1 1tl& tieS 1/3, 2/3, 1. Now
Wmnmg if he again plays the miss on
th ot strategy7

4.5.2 Suppose the probabiliti V‘ l !
cha 0 “ @
4.5.3 WIE pens in the game if Bob also p ly 0

first shot? E
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The term isticd has m two defini-
b1t confu 1rst of all, statistics,can be

n of numerical data ts into

deﬁmtlon and you ofte Wi S or to a

player S . 'P rts/da 1t is a proper
‘,L rmett said, “Sports are statistics”

opett, a Hall of Fame spor te istics

are the lifeblood of baseiall” @V* sports

statzs CS.
statistics is the mathematics of he, c lec—

tion, 1on and mterpretatlon of nu nt
we will begm such a st f st EW o) a tlcs
as our Wlll view large amounts
of da Q data7 How do we compare this data
with ets’ What meanings can we derive
This is the real field of statistics V
h m

statistics. In fa f ears atlcal ap-
proach 1@ s 3 he 5 S, profess1onal statisticians

i > st m 1952 John Smith (in 1956 an

Rubin (in 1958) became mterested in applyi W
baseball. But the leader d th

pioneered . K B swer real ques—
tions abOLB. etfo (see More recently,

like Jay B im Alpert and Bill James h i

at Varlous sports via statlstl ZEV one
text [1] on t pert an

d Bennett
wrote Curv n » tatrstlcs in analyzing baseball
tt

. Bill Jam en a number of books on baseball statistics and

159
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160 Mathematics in Games, Sports, and

has certamly influenc ‘i , we shall not
ite ba fﬁR our
‘ our dat primarily be ac orts data.

tions about this data t So orts statls—
tlcs and reall w t'about our sport,
ur . oy l A or OF 1 not, then maybe we can
e v es that better answe

eed to keep in mlnd th t dealing

with the e fo ampling, that is,
3 ¢ ‘Kahe ossible mes and making some, decision

ed upon this sample Thus, will not

nown to us, but rath ie upon the sample.
Earhe e we e sample space

tat t1cs only know What h h ned so
o C space is under constr arly.

In statlstlcs we et niirevset rep-

8 of in F le i1s a subset of mea-

B@ ) pulatlon of 1nterest W e the

ke predlctlons and Wbout

. ny; ti E ly¥too large
Kyet p ted

ages and Slmpson S Parado

Who is the best hitter in bas l
among fans of the g et it al tlme
greats, @ argu over this question. In
fact, ent g evoted to this argument We now_as
simple qestlon \0‘
Question 5. 2 1..Ca .. e re hP RE ermine
who is th a v as %

In tryin, answer this questlon We sho W
question first:

Question Q tly eing measured? That is,
what basebal (or statzstzcs 18 used to measure hitting?
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The answer to this 0 s‘ﬁw might think
of batting ﬁ t every time I
. estign of*my" stu ents they h tpagreed that
B gg average is the measure o ing average
is not the best Eq‘ erymeasure? Here
d K ? e run production, slugging
gh ) @ oT e not found to be b sire of hitters.
e try to use some or j‘lE ment only

seems to gro E
B a @ K stepib om Question SW simply
easure?

Question 5 K REM \
@O’I age is defined as

Q averP
O its to at bats almos 1lit tt1ng
a h1t but not exactl even
thou appr i 1ty earher

L

€ .
. g he National League on Jul 3 20Q08),

we s PP r Jones with 117 hits in 317 atti
of .369 and Albert Pujols V&t f t1ng
avera . ? ex Rodriguez
with %@ 32 batt1ng average and Tan Klns r
with 1 i at bats for a .327 battlng avera
one of these players was the best s
surely dlsagre ‘P B

Battl t percent of times a player has

gotten g IS a comblnatlon of thlngs 1nclud1 owe
(home runs), the abrhty to drlve in runs as

are measurlng just one thl

surprise t es ov 0 Who is the best
hitter. B ter etatlon of the word “best”
that cause ble because if by best hit W
who got hits most often, then batting EV\
answer the Kﬁ P

But evenﬁQ areful. Batting averages are a
proportion o the player gets a hit. As such we must be careful
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in how we interpret t \1‘ the following
ample Kj
. D OnSldeT the 20 ges of Ron-
nie Belliard an se n§ shown in Table
see

BIO p E\l lﬂwm

Year Play t
Boﬁﬁm E
Oﬁmhap VM‘
Tot B 2514
B 2548
’ 1t a better overall battlng avera,
even t liard had a hlgher average in each o
question! What has Just happene 2
The exampl 0 B common
statisti Pa he 1dea is one sample S
success average ) for both data sets (here
years) is 1gher than the success rate for the
when the success rates for
with the 1t the better

overall suE,
When appens, one sample usually has
number of members (here at ba Eg
ample we se K‘y 2002, so few that
\ﬁ rage. Simpson’s Paradox does

they had a
not occur in ns with similar amounts of data.

—_—
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Dealing with Data
This phenomenon 5W\ in 1951 and
the_na: a8l coin yth in 1972 [38].

rhe ibed by others luding Udny Yule
. S, some people call i ul
We note tha ‘EV
B QK
2.1 C’ompare th ba WJeter and
Damd Justic ov R

le or these players ov ears we
le .

’ %son of Derek Jeter and i

Stice: 1995 1997

15 DdPRﬁ\IiEW

eriods than

%:x%m% E"‘E?f’

Totals Dere

04

When &V¥ yover the three
years, we hits in 1284 at bats for a_30,
average w Justlce has 312 hlts in 1046 f )

average. Now a,fter three seago ‘ g 'than 0'at
bats and a %lb agessscems meaningful.
But the rela ts for J eter in 1995 and Justice
in 1996 help yearly comparisons. O
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Slmpson S paradox REV ‘& ound in data
for man - s and camic some real problems
T

o) lem here is th B2 we are
naturally 1nch d g0 E ut the fact
%{‘; ? e Patting averages), but rather
! arat f the ratio to get Wlence the

e

qualities do not aEilR ‘E

'@ down of Hitting Sta wa) Players
layer

t Bats Ave.

tistic

.538

Example 5.2.2. The data of Table ‘iw
ated by Allen Schwe The K S TS are
shown. ‘ ken \dow eveml categories often
conszdere table, L= left-handed pitchin
handed pitching, D= day game, and N= ‘
you will be asked quest hzs "R

e om

Note that plete totals for both players.
All hits and 3 e shown for day or night games, or if the player
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Dealing with Data 165
hit agamst a left or \'EWt of numbers
co ' 1ne o b1 acing a left hander
at n ht cmg right hande W the day or
In Chap g W11 better understand
m t tt mpts have not been widely

1 l

emain unknown statisti e fan.

e should also remar s not nec-
essari ‘FR‘ tion 1chael J. Schell
‘ statistical methods decide
best hltter ever. His :Wgrk was

at Tony G61 Khep C\E‘V‘ tWby Ty Cobb.

. Q
g the data from ExampPQREV ‘EWOHS

B’Qad the better overall R "Ew
5.2 ﬁ @ Be eft-handed pitching? Who
average against right-handed ASW
y o had the

5.2.3 Wh P
lg ga

5.2.4 Who had the better averag &
a daé game? & the? —handed
5.2.5 Who had the better average agai EW
ing night games “R ns
es7

pltcB
5.2.6 What conclusions can you dr ‘OEW
N Q R
5.2.7 CreatBJQ\ ple of Simpson’s paradox.
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166 Mathematics in Games, Sports, and W
Qoug; major leag r!‘u rating over-
all hi %Rw} orm sports have been
% @ ] ional Football Leag e has accom-
‘ ed aSeball has not, that i a formula
or ratlng quarterbacks. V‘ merigal \¢omparison

b se P\R to"tompare all the various
@ produce. These statls i terbacks

ompletions, pass atte s, yards

galned and more ‘ﬁE ly opens
‘ 1ce—pr631dent Don

Sm rmula
he eague adopted for elfo sed on
four fun tlcs percenta, sing yardage
' could argue that this i
S atlstlcs are 1mpro erly least
1t i an attempt to quantify V upon
recogmz P o 1st1P
“ four statistical components. Ea
the uted®as a number between 0 an
for these values were base on QLE
aware that &ha a tlme in

1l deminated over the passmg game Since

footb . @
then e opened the game to much mor e

changes have produced much higher av e
old benchmarks are le resp R
The fi @ @ | ee f exa

1. The component for completion percenta, i I‘IEW
oKePREV
T
BO 20 | w
2. The component for fj CK tPnRE:VaAaE
ATT

Download More Sports Betting Books at: www.bettingbooks.org



DOWNLOAD FULL VERSION HERE: https://bettingbooks.org/19

Dealing with Data

3. The component PKEV&L‘E lculated as:
BOOK F i
4, ! heow f?& nsy EI 1s calculated as:

-9 _

375 A ‘1 E \h'
cl . ,y vesl foi uia more snnpl
ra eters.

ne some
For each of %E and I we

deﬁne a correspon \'Pﬁ

Q‘LK ax(min(parameter,2.3 W
In partlcular the V E
75P and T’ =

= max(min(T

The other two paramete V\ ‘ | J i

T (o) ents one number for the
@ ” PRE\’ Ew

QB Rati = ‘

Th @ percentage is the amount sub-
tracte to produce a p051t1ve value for C
completion percentage above 30%
benchrnark is arhe er alnly

dified f

be h1gh present game.

Exam . Find the QB rating for Peyton Man W
Solution: The ke St ? V
@ t

empts for 4397 yards
with 31 TDs and 9 interc t1 E
Based on Q R
100) — 30)/20 = 1.7496.
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— (4397/557 EV‘ W
0 @ kP
B 75— 9/557 x 2

BQQ T 11131 + 1.971 :\DE
@War aHal ame quarterback

ﬁmple 5. 3 2. The care a amino are:
4967 co att ya s, 420 touchdowns
B ine his career quarterback

rati
won: Calculating as bef E W
@ (P,R 714.
B

o0k PREVIEW

raﬁfz?éﬁ K PREV VIEW

[1.4714 + 1.0854 + 1.0050 + 1. if 2REV3‘EW
The rea n;e that the NC

AA also h
formula. It is bu1lt (and correctl s
also seems to be ﬁ@ now
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Exercises: ‘Ew
5”7 1n1rnurn posmble QB rating.
2" John Elway ha ons in 7250
atte n and 226 inter-

Q put El eer ratrng

ompute the quarterb EWO quarter-
backs

the forrnula how wou itjand why
1d your change be an t

B .‘Wed ‘je standard one on three
5.3.6 Determlne what for V*W ) quar-
w is formula?

5 what you have seen on the q rating for-
rnula create a hitter ra E‘ *l
5.3BC® @er ;er r ula for basketball.

. imple Graphs

Suppose we consider the numb *&W
major league ’IP W t se au The
data comes f@@ rom this data set?

One onsider such data sets is to view the T
in a stem plot. We note the home run totals ‘w

Milwaukee Brewers to 102 hitgby t ‘Ev E

plot will 0 23 rs in the stem.
Then for ill ecord the third digit where_it
approprl S if a tearn hit 171 home r W
after the 17 in the stem. Thi sgrn ‘EV‘

in Table 5.5
We note a stem plot. This is information
we would n 1thout “viewing” the data in this manner. It
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QQi that our sample d ughly
resembhng the binomial,dist t an half
m 4 . This fact is easily
ot of some data set, Wation

we can from thi ﬁ eVfollowing

“Qé £V !
Deﬁ 4.1. Let yl,yQ, . E“ !
nts and is less than

ranged in order 0
eI AETI] asurements The second quartzle
media he upper quartzle (third quartzle
ceeds 3/4 of the measurements a nmg /
the meas emQ Q

It is 1 e that the quartlle values may or
actual data points. It depends on the exac
this might work. It is a o
get exactl A h ﬁrst quartlle or
greater th : metimes you must settle for
25% of th ues. This is because there ma v [repe
values among the data. R
Example a’ Kse nd and third quartiles for the

data plot of
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Dealing with Data 171
5/9: W
r il tals

BOOK P 11 w
PWE@&
gOOK o V\EW

So&n There are 30 orde iE “Me 5.5.

Thus, 1/4 of t @ﬁ rst values. We

thu ' value (and less than the 9th

val ﬁ e median value Wlll lie b and

16th values, Wthh in this case E'l 18/171.

Finally, the third g t1 ust val S han 1tself

hence “'

The rtile values are a help in measuri w

We know 25% of the valyes re Wx

25% ar

Anotiﬁ@ 1t the spread of the data is the stan-

dard de see Sectlon 1.9).

Following our definitions we see t V \]E
E \=

: BooKW

Download More Sports Betting Books at: www.bettingbooks.org



DOWNLOAD FULL VERSION HERE: https://bettingbooks.org/19

172 Mathematics in Games, Sports, and

But we should kee nREV\p nient way to
( )utb DP

7
mine the mean of the i?‘Ew this case

. We then computi th
OOK ar( —890 788. w
Ef he"variance.

Flnally, the_sta: M
0169 sta ard eV is"29.85.

e can eXp101t the i ‘n& n other

plot F s ne suc varlatlon Here

\@t ately as Well as the na e ffeams

e part1cular totals. This g f the
1nformat10n ‘Evd

'I@Q arison Stem Plot of the Ho
_8 ‘B
- AD-9

ARI-1 ATL-6 NYM-7

Stem plot ' @ .i It all depends upon the
data at han onsider another example

Download More Sports Betting Books at: www.bettingbooks.org



DOWNLOAD FULL VERSION HERE: https://bettingbooks.org/19

Dealing with Data 173

Example 5. 4 2. Dr \gl averages for
all f G the 2007 The data for this
@K ? RErages for 2007

League aa 2.olle

Team Ave.

Solution: for tP % ¥s\g 2007 season
is s Q’ ain note a general blnomlal sha
the We also note that the ma
averages between .250 and 68 V W the/m
is 2625 an tile i é

rlance a,nd standard deviation? Thus

for th on eam battmg averages showed les
than team home run totals The

BO 8: Stem Plot for Team
Batting Averages in 2007

BOOK "IE;ESS‘EYL
gOOK PREVIE
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tSMk‘]ﬁD

p ari ns about data. For

sh t compare league leadi g averages

eague Let S 1920s and

compare that t t e\top' averages for
e eadlng battlng averag des:
1920s O EV 69
7, .363, 366 .339

BO O meFican eadmg Averages

Now Qhows the 1920s produced higher lea, i
battlng averages than the 1980s. This may b IW
higher averages, but this is nhotra c QEY
is clear is Kso league leading
average as B@ league leading average of the 1920
The questil remains why there is such a w
course one answer glven to thig isghe Em
in the mod %&; 1s is not
determmabﬁ ove thls claim, other data and

eeded.

arguments
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What we can prove \ MN! s saw Ameri-
ea, W&w ended to be h larger than in the
’Q A o dlsplaymg data t be useful.
ample, con81der the c al Ripken.
r§’ hiS home run
ble respondmg time plotof Figure
me lo we show years alo me runs
e y-axis. Because & iSeonnected
3 er, typ d a scatter plot.

, asthe layed very httle th agoen.

BO (5?3;1? REV -

9%? RE Vibds
BOQ;“ ; PREVAEW

13 1995 17
996 2 1997 17 V\Ew
If we plot a straight hne re c A

plot and this “well placed” straight 1
approximates_the

But how E“@ s easy enough to draw in an
approximati deling the data in this case, but what do we do
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— llr

P
O
<.

BO'| N

(RO & 5 =
FI&(E 5.1: Ripken time ﬁcanV ‘Ew

AII

BC

30

B125-

20
ElS .
10 +

\ (EW

1980 1985 K (ii ZRE 5
FIGURE SBIQQ ith well-

placed straight line.
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Dealing with Data 177

in general to find the kES
@ R uppose we consider
inform e will consider_th y rs 1986 to
B his smaller example e. We now
show Rlpken s \K @ﬂEV\ me plot for this

BOOK BRE \t}E W

aREVA
BOOK 0 EVIEW

21 | |

FIGURE 5.5 60KPR
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In the time plot ed\t nce from the
A s to he length of one of
¢ ho o

u t e “error” in plac oftthe approx-
e length of such a ifference in
n Ey approximating
%1m? taken as a Whole We cannot
] @ @ s tO obtain the quantlt nimize, as
. ve errors and negatlve gE r, leading
to false re hé errors so that
b sitivi m of the squares of the error
31 nbity we Wlsh to minimiz alue, the

ter the approxmlatlng V‘E
We define SP ares for the error
‘Q ta pomt and ¢ repres value

ing point on the line, E

Qhe ;onventlon that the lin

s the
hne for which S, is t nevor the
regr @ Sc a S regresszon line).

0 ta omts (i, yi), & = 1 2,. o findjthe
best ss1on line we use the follow E
Let the e Kg
6 y=>0 + max,

Where m is the slope of the ine %k
place where t n e f gour e standard
form fo
\EW
and we deBO
CBREVIEW
Here y and Z ep ge ( PHR and z values for

the set of n
In our exa da a from Table 5.11:
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S mi = E'E W12
BOGKPREVIER
’ <9 _\E
Km 1(@3 o -

Kfomlon hne is then w

K thi error terms for each data W‘c These
REM =1.96
7= 24.8) —22andsoe2

23 23. %P R ;\:£w
= 1 96 + ‘ ‘ w
g d wel wa n thzs regression lme?
The wer 1s simple, we WlSh to rnake
If our reasomng is corre t p r n of
the dat abl us makmg a
predicti ‘t
In par Weiven our regression line i = 36 —
the home run total for Cal Rlpken in 1 E
follow the data used t tt
digit of t

Usmg n he year 1990 ) we obtain ‘Ew
As you can @]@KIPED s actual home run total for
r

1990 was 21 prediction was very close to the truth.
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180 Mathematics in Games, Sports, and G

Example 5.4.3. Co i A&Wn of Wayne
ky: o198 8 oals he scored 62 goals
’ 0 S 988 1989 goals.
B 0 Gretsky s goal W d find the
ictih

6 K ~n\/ \F\N
BO. |

BC'|

35 4

BC ]
BE |

1
1
1
1
1
1

40 } } ¢ } }

1 2 3 4
U ‘ ’ 1 =
FIGURE 5.4: Gretsky goal-scoring pR ‘Ew

Solutio IQ ’s gobal scoring is shown in Flgure 5.4.
To co regression hne we follow the proced

where again n = 4. For our example

K PREY \E
BOQ \&P \J \EW

4(30) —100 20

|
N
N
W
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Dealing with Data 181
o REV\EW
B y = —1.6x + 56.
oW our pre diction f \‘rets uld score in

the rres — ) + 56 = 48.

g goals he scored the nex 40. ThlS
ession hne is not w e previous
example There be & ne reason might
d *to

a
&i o i bulld the line. Clearly,
Id be of help in such point is

aking a prediction rediction

may be fery GK ﬁR 200 ot ave enough

'nt‘Rc ays ﬁnd the regressmn e by

folﬁl procedtre. But we should as o do

thi hat is, clearly someti is not

a good m for*"the l@)& n in Figure

5.5 elear] t ar. So any attempt to model_this
datalwi : hne is clearly flawed.

We wish to quantlfy this al v \ﬁ‘ ata
points in so ose:P% I e in e stronger
the d a‘ ionship, called linear correlation.

qua.

ntification by calculatlng a nu
data e will use r to help us deter E
regression line. This a 0 czent

is
We defi GK(
x =)
B (n—1) away
Here, o, is the standard deviation ¥ ‘\ﬁ
standard deviatig rdi P‘ Z and
y are the ‘ z and y coordmates of the data
points.
There is a somewhat easier equivalen V \nE
2

- (Zi:l ?Jz)
(5.1)

5.4.2 When To
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182 Mathematics in Games, Sports and Gaﬁbing

BO(
O - ..
8O . |
BC . '.q

Q lg .

FIB ata set that is not V‘Ew
ﬁ t rE g the better the points a

app ear equation with p0s1t1v sl

that r is to —1 the better th

equation with e P 0 e pomts are
actua n rivalue'of 0 says there is no correlation
betwe d a linear equation.

Let’s apply thls formula to the dat i e pEV e
found regression lineggi ?

Examp . % a

run dat

Solution: In the exa V EW
runs hit diction for the
number OE@ the next year, based on the re
line. p

ute the hnear correlation c W
we obtain the following: P
& =30, 2. y =96
>a?=

_900 ST y? = 2324, and (3 y)2 = 9216.

r ‘correlation coefficient for the home
ipken.
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Dealing with Data 183
Thus, the linear cor i 0 CV‘EW

04

—_

(2

900
For the 8 4 alue Since
ad gatl he — 8004 value says the points

ell' correlated to the line. O
ExaK PR \ cient for the data

utwn Using the at V \EW d the re-
gressio
@g ela on coefﬁc1ent r for these 4 data
follow formula 5 1 W

The key values w e

0@,2 o X1 , .xzyl_m
%Uﬂ\% REVIEW

)(208)
SOIPREVIE

Th D omtg t sky example are far less
correl: ating line. In fact the correlatio
is far ser to 0 than —1 This is an i W
are not really well appro E
predicti mag not very close to the
actual B@

Our lesson here is that we should LEW
efficient before we both dt REV know
ahead of .& gt e should also keep
in mind B elation coefficient does not ensu
dictions m from the line will be accur 1 E
the data points are WeHG Kto R
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Exercises: E W
owBe& roduction of twi Fame NBA
scar Robertson an Wrative stem
plot of thj ta.
Comparlson o)
Robertson an Jer y‘
obertson West
6 \qﬁ‘Ns%
§ PB 68 1580
g 69-70 1748

- VIEW:

5.4.2 Given the sten fro EMQ\EWCELH
O ata’
5.4.386 e data of Exercise 5.4.1, find the first d
quartiles. R]‘ V‘
ata of \lab !do

ative stem plot for the

N3 w ‘ leaders from the 1920s and the 1980s

How*does thls data set compare to that
the American League?
r&?

TABLE :@7 gue Averages for the 1920s an
1920s . 401 .384 424 403
1980s | .324 .340 3bK35P
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185
5.4.5 Given the dat i A ‘EWVariance and
Q 1at1 80s dat

he first, second and sets of data

from Exe i ow/draw from this

and the data and_do ivi S‘nﬁ) ot 'the league

batti leal Rﬂ gue in the 1940s

B‘ does thi ot compare to that of ghe 1920s

5.4.8 ons f EV \< aron had 200, 198,
its® Do a tlme plot of this Ew

ion line. Use

5.4.9 Usmgt ¢ a
he um Aaron would get in 1961.

its in 1961 E‘ r '
5.4. 10 D easo \ 1994, John
164 and 1031 assists. Do a time
1 g '
P ndVre\r n line and
um r of*assists

Stockton had in his next

Seas01 e: he had 1011.) Find the linear correlati
or this data. g ‘E
5.4. 12 ﬁ @&i fiem R through 1954-1955,
3, 47, 49, 33 and 29 goals. Do a ti
his goal production for this period W
5.4.13 le rev1o B V xressmn line
T

‘Qi:’ of goals Howe scored the next
seas ot e scored 38 Fmd the linear correla
for this data. B ‘ E \' ‘

5. 4E find t

he mean, variance and

5.4.14 Usi ‘@e
standa on for Howe’s goal product10n during this period.
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Ou Imates
ose you are the t a\ have a new

player t oW
rom|the ing 53 of 100 shots. d'his seems

st few games this

sure are you th layer will
erform in the futur ?

K confide e that thzs player is readly a 53 %
tion is really how co ample of

Ol 'O
ﬁyshots accumtel reflec

Rr n a h

' he , we con81der the number of
, ” b bmomlally distributed, Gi makes

ts in n attempts, we c V\ amiple) his

true shﬁ G!Ka
his percentiag ‘ mpl V‘ !élnomlaﬂy d1s—

tributed, a 1s ibution is np and the standar
tion 1§ o/nip ere p is the true shooting
q—l—p Butwed not

compute e1 T thP We aciiy
meaning of the map (see Sectlon 3.3)

We kno B@@K of%gl\dtgamons v is

. MPREV\EW

We call t ¢ @ OK
[* — Zo,z + Zo] W
a confidence interval for p. i V‘Ee e
n u 1 nterva

we feel the
But how
confidence? atis 1cal point of view this would be ideal. Recall

._.

put a measure on our level of
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Dealing with Data 187
that Z gave us a pr at a value of
Z = PR t o he standard normal

ﬁ ansy b on the symm e standard

at the area to th of| hence, the

area to the left eEy area under the

&Y? and196 So if Z = 1.96,

E d t that our interval eltrue value.

YPlcally used Z values EV“E
BO O TA LEB Typical Z Value
Level of Counfide / -'

shots made
is np, r ofiattempts and p is the true shootlng

S V
perce B 0 e standard dev1at10n is p
from one sample to the next, so can E
P is approxunately en

mean BO T
and standard dey P V ‘Ew
80 % %RE

It then follows th
p —
p_

a d1 B t we were mterested n o
percentage D, not the mean fo y&
for this pro - Q K T
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Since we don’t kno i ate them in
the fi U 1th q, y. Thus,
@ o amelarg ent as earher a 95%

)
hefshodting percentage p woul

EOOK%%

hus, for our probl

B QQ Ws) (1)
" th(jONK py Bﬁés

or, expressin 1 € al nl R V !E% Jon! dence
inte
4322 6278). W
We are 95% co g& \£ player
lies i 1 1nt val v wide range, especially

for s

Questlon 5.5.2. What would b M \ﬁw
player had ta ) nd p oting per-
centageﬁ

As withmost things we have seen, more attem
more information. Recomputi

gives Q
.53B1.96 % <p < 53 é
Hence, Wﬁ G@Kﬁd

.4863, .5737].

Download More Sports Betting Books at: www.bettingbooks.org



DOWNLOAD FULL VERSION HERE: https://bettingbooks.org/19

Dealing with Data 189

Now we are 95% conﬁ i!nEthg percent-

age et an e ave t el of confidence over
rvald Th

arger data sam le with the same level

o s us to decrease t ngth, while
mamtamm th el ould note that
sed usmg the orlglnal data set

ve to increase the le erval.
et’s con81der anothe 1 1‘ e slugging
perce ed

1B 2x 2B
centage = ( )+ (2% +

e -c v QKD Elex Rodmguez had 166 luding 26
d triple and 35 home run, ercent-
age of 523 Fing aK R e ‘slugging

pe ta 6
San e follow the same approac Wotmg
percentage, as agaln
Ba@ 1nte t e s uggmg percentage
477
) QREM,@M
e see that a 99% confidence inter
ging percentage is

5.5.1 In Ksea n, Nuggets had 1347
rebo average of 44.87 and a standa
of 4."Find a 95% confidence 1nterv
game average.

5.5.2 Suppﬁd@ 10 NBA fans and finds 540 favor

leagu

hrs)
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1. Fmd an e o on of NBA fans
g leﬁ
a 5% onfidence 1nterval fo

5 3 A baske allr tea V Ww many at-
e ga Stuppose 15 fans answered that

ore games per seaso
pREV\nE i
a 0 o confidence inter gw
5.5.4 Ina ' | 8: PREDI er mitted to using

. Estimate the pr V& w
G" onﬁp e proportion of players

g If a sample of 5 y kE mean
batt. 26() 1on of .02, find
CO

fo the mean batting avelwthe

5.6 Measurlng Dlﬂ'erence V
In thi I S era o pare performance
of differ ' already stated that the standard deviatio
is a mea e spread of the data. We now present
explains how well standard dev1at1
P.L. Tchebysh 8

Theorem n mber k >1 and a set of n meas
Y1, yg,..., s, at least 1—1/l~c2 oftheme wl e
standard deviations of thei

We note that by sh ‘? hol S for any set of n measure-
ments. We alse’no at 1t says at least a certain fraction of the data
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Dealing with Data 191
is contained within & at o‘cﬁWt is well pos-
sible th re o urements areic ined in this interval,
@ en 1stribution. qHWmore about
Fork=2,T P E
BOOK o nEW
‘h ilarly, for

of the data lies w %
= K SP tandard dev1at10ns of the
E arger the fraction of ranteed
in k standard dev1at1 ‘b =1 the
Provi AR the data.
rtz Gmnderson had 185 h@ire were

i the Amemcan League wi e Table

5.15). Based on the
g ur @ttentionl to the Arnerlcan League ayers
regular]

at ats These were the most
y. We w1sh to rank Gr Va ayers.

Now we fi an fi ti

h = 133.865,

the Varlanee is P RE ‘ E w
and t K& w

Since hlt an Was 133 865 hits,
we see and 51.135/37.08 = 1. 379 Thus,
Grander 379 standard dev1at10ns abov

e the
applying Tehebysheff s Theorem, w
at least OK ?
1 BQ o0 5258 = 4742 = 47 427

of the regular players. ThlS m
60 of the re easﬂ that e actu—
ally ranked & rs than that in fact he ranked

higher than regular players

theorem

Download More Sports Betting Books at: www.bettingbooks.org



DOWNLOAD FULL VERSION HERE: https://bettingbooks.org/19

192 Mathematics in Games, Sports, and G ng
TABLE 5.15:

yers

Jeter
Cabrera 192

anco 200
191 Rios

189
erts
172
1 72 osada 171
169 Stewart
167
60
i 56

Youkilis 152
149 Cabrer. 14
Damo RE
Wi 141
Johjima 139 P
dmelanek 137 PenaJ
Bartlett 13
13 1
atthe . 13 12 ora 128
127 sle 127 Drew 126
v 126 Anderson 124 Pie
124 Millar
120 11
c 11 11
end 109 Sosa 104
Sta 103 Overbay 102
rfie 2 Glaus 101 Cust 10
Butler

=)

J ohnson 7
Hernandez

1r d Sex n 89

g Tyneri 87

1azza Gomes 85

McDonald 82

Zaun Wilkerson

Erstad
Monroe

about 1 Ma(:ler Izturis had
97 hits, s ard dev1at10n below the me

Derek Jet ad 206 hits and was about eyia ;E
the mean. By Tchebyslﬁ’K ZRE
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Dealing with Data
of the regular players ‘mgam is easily
see to S heﬁQR t two other players

ple 5.6.2. Supp ﬁWad 50-meter
tzm P 1th a mean time of
and 1ation of 2 seconds ny of the

0 : a time of between 50 ‘rvisi
d iations from the

S“““@QK p&EV g
B® OW. FBEV‘EY}{J
QK PRES

Example 5.6.3. Sup 0 V} mn ason for
a ho yer ematwn of 8. If
ap / ) s player outscored at least_ho

othe

1 &Jy mM \Eer was 2.5
em ing Tchebysheff’s Theorem,
ed a t ast V ‘Ew
or 84% league Thus, he outscored at least 10Q x
.84 = 84'other players
We end this section Eﬁ istribu-
tions that aped” This pro—
vides stro in Tchebysheﬂ' S Theore
these rules ly to a smaller number of dis
e Approxi R thm 1 stan-
dard are with no 1nformat1on from
eorem

Tcheb
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° Approxunately tﬂ ithin 2 stan-
at least 75% from
ssentlally all the V &ng deviations
the data items in

E @K &rlatlon

he standard dev1 V ﬁi e unit of
data leyif the data is the weights

%:' es andard dev1at10n e sofething

ut thls value tells u reflects

a huge dev1at10 a ma tiny, this

rg - y te ge varlatlons Wh11e if the

B’ pounds each, this standard flects
no variation.

We can norma ‘,R c offvariation

‘K Ty, T, and standard deviation

ent of variation as:

Th K resses the standard deviation o as.a

perce mean of what is bemg measure an
way to compare two different dlS ‘n str

with an exameQ

Examp g the past few months of workou

Al, averaged 12 miles per week with a st

while another runner, v age ndar
dematzon a relatwely more

conszstent T uts

Solution: Here we will rely on the ¢ V\EW
runners. For Al,
BOH!

— % 100% = 16.7%
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Dealing with Data 195
while for Bob %EN \gw
Q£

Bob was relativ S Workouts

even though hlS st V
‘C::, nms toumament Pete d4, 6, 2,
double faults mn ssi had 5,

2, 6 4, 6 ubl consistent in
of d match?

or Pete Sampras (EWdata has
mean and stﬁw
pHs = —

Bk @i“\l\\aw
doe Cle@e %y
6K thp:E\f\EW

henB ooK?® PREVIEW

1.4960
oK PREV \EW

Thus, @Ql W e consistent in hls double fau
pattern.

Example 5 sid R A emcan League
leading batt % 0 1920s and the 1980s. We
m

ask which d ore conszstent in its leading batting average?
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Solutzon For the de \]ﬁ ague leading
bat % standard de of .0196. Thus, the
a e of the 198OS we ng average
Was 3375 Wlt K ? a‘coefficient of
'@ 1980s produced cons1stent
eading batting avera

In this section th
ce - @ 1s concerns performance
B ur team We begm with ‘E‘W
ecord of 14 11

Example
fo @ als 0 emll record for that seas
75 q antzfy how valuable Me that
season, relative to the re
Sol ! c e’s Wln—loss percentage for
200 560 emovmg Meche s record fr;
Kansas Clty was 61-76 for a ‘1 . i
games in w !
- t o he ffe ence in percentages between
Mech out Meche, over the games th
or lost. We see that &
ﬁt )E !% !” EL = 2.875.
How do nterpret this computation? We see t i E\
their team.
3 wins to the Royals in
have been the case. W
I

Royals won 2.8 more game (bgcau
won with an av
Thus, Me o 0 ne tra
er vise
- zans m 2008

2008 than
@ ) s -81 record How valuable

e other pztchers on the Indians in 20087

Example 5
The Indian
was Lee rela
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Dealing with Data
Solutzon We procee \ Wss percentage
08 1ans a Wlthout Lee was
‘ SPp cent ge /137 = 431
Lee’s relative worth w as
431) x 25 = 11.23.

Bence we see that Cli ‘ﬁWu more
v1ctor K: ul provided

anCes relative to “aver ” by the

al player
h uld also be

e team can be comp
statlstlcs beside o R
@ N @ % wil e “extra” Value to the team.
%\ : e"from hockey. E
QOOP V ‘ kolai Khabibulin of
—0 (wins-losses-overtime losseslf The
on e team combmed for a E luable

was Khabzbulm relati ePeREV‘
Sol QQ conSider "overtime losses as losses.
1n—loss percentage of 23 ain-
ing goahes had a Wm—loss erc
Thus, rel ibulin’s relative

worthl

This indiea ey Fst abou téree more games than it
would havely e performances from the other goahéw

Exercise Q
5.6.1 One nning back’s yardage, for g

averaged 102 yards per ame. \E W
backs 1at10n of 12.5
yards, E ck mpare to the rest of the league

if the potal o 32 teams?
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5.6.2 One basketball ‘lﬁ“ rage number
ﬁR was e, with a standard
3 points ame. At least centage of
B ye s in the league sc W points per
garne‘7 Usin, E hat percentage
K nt per game7 Suppose instead
B ino 1al dlstrlbuuon T emplrlcal
ounds, what percenta ‘ZE n 2.3 and
14.3 p K -?
0: and an offensive line ff-season
Workrng out togethe V}E he quar-
an WP! this Wrth a standard
und lineman has a rnean eighty of 330
r1od W1th a standar Which
Player d1d a bett ?RW‘ t7?
. w t1n to reduce their weight. T longs
age group Wrth an average nd a
standard dev1at V b ongs to a
and a standard deviation
BJ' two runners have weights of
nd respectwely, which runner i ‘EW
5 i %‘n‘c ie about their batting
vera 1 {1 lays for a team with a team batti g
g .270 and a standard deviatio .
hrtter plays for a team with V&K@E. d
a standa P&‘ timg .250 and
the s c" ing ich hitter is weaker with
re team?

5.6.6 If Rodger Federer h V w
sta e age of matches
will c t between 50% and 66% ‘ ! ’

5.6.7 If Rodger Federer has a rst
stand nd R a rst serve per-
centa, dev1at10n of 2.5%, who is the

more ¢ W1t h1s ﬁrst serve7
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Dealing with Data 199
5.6.8 Using the data IEVO‘&WW}EW fraction
of i ill R firsteser entage between 49%
ROOK F
.6.9 At least what fraeti iVil‘lEWa first-serve
ngKetp‘R 14"
» @ :
s pro tennis players as a W EW,ﬁrst—serve
percentage of 49% i r igi of 8%\ where does
Rod T (5§lﬁép t group? That is,
ctiom of the players have a first_serve pgrcentage
pelow His? What about Nadal? \w
5.6.11 2008%Ch @. Sa?aREMS of 11-2 for the
ﬁ @ 3rewers, who fimished with a 90-72 recqrd. valu-
as"Sabathia relative to the f tﬁ
5.6.12 Inthe seaP& T Vle ina Hurricanes
Q\ recard of*37=30 while the other goaliesghad a
bitre ord of 6-8. How valuab Wwith

BOOK PREVEE
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r ction \E
In thig c RU lea S tests to verify
’ he etween certain quantities. We
% for settling some co or for
proving some old sport ‘I wanf tolenhance
the skill . revP h weé can use these skills
ere Ew

6.2 i Versus PUJOIS V‘lE

In this se B ave learned to
atte 6 ion: In terms of batting average, Wthh of
Ichlro the Seattle Mariners or Albert P

ujo
Cardinals is the better hitter? &E
This questlo s PgR fans or
yerg havethad trem

sports mendous success, with
a sustaﬁ batting averages. Fans will argue
about whic player they beheve is the better h bw
data and compare these pl ‘E dayve
oped. c % E swers that fan
argument% @ ﬁ he way, we must keep in min,
that obser datd does not represent the actu
reflects the variances that can ocgur R

in Ja

In some ir co Suzukl had a
number of y1n pan’s top league before
he came to 1. Albert Pujols also began in the major

201
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202 Mathematics in Games, Sports an

leagues in 2001 but h erienced than
? R e comparison is
ifferent leagu and thus they f different pitchers,
a iums with differen; cept during
1nterleague E pitchers the other
pla ﬁK nP yer’s at bats are against his
‘\!all ignore these pOSSl \oE n the data
for each pla 08% B yers have shown
Mg above season. Albert Pujols’ career
159334 (1531/4578) while Ichi batting
age is 331 (1805/5460 V ‘E y higher,
Suzuk“ P R facts that lead
UJ erlE ‘
OKZ ki, Battin erage Stemplot

B Pujols w
500K BF
110

OK PR
‘“) neﬁﬁﬂew

Tablel6.] eir yearly averages over
this peri E} 3 rages have almost excluswely ranged
.329 and .359, with only one year at 314 Su W
ered a much wider range. th
appears t ?

Next WE‘ year plot of their averages_(s
Figure 6.1 joIs™ averages are shown by the s W
averages by the dashed curv W
volatile cha K especially in

the perlod
Since each s more than 4500 at bats, we next compute confi-
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Testing and Relationships

~aw=\ Al

Y
UOKmP REVIEW

Bntervals for their true battl ipE their
career numbers Ef onfidence
@ 1ht
zuki. A 95% confiden

ce i ue
battinig ability would be: REV‘
33 @ ’\/ 5460

1)(
<cwe< 331 + (1.96) %
Hence, we obtain the interv ‘hE, e are
95% co n attl t is region.
Turni mputation of a 95% confidence interval for,

his true ing ab1hty is:

) (.334)(.666)

334 — B A (:334)(.666)
Hence, for Pujols we obtaln 320 .34 EV ‘EW

of his true batting_abili
Is greatly intersect. From this
m which player actually has the higher ability.

As we see
it is impossi
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What we have been a ‘]ﬁi een the more
we o justified claim as
desplte our failu

S argument rage on!
ai rk in other
e tried a variety
ca

ou d reach only thstatlstlcal
010], PRE\I\
Q o major league base

Wand run
a comparison, ofythe IEV t $o ‘determine
K ﬁ atting ablhty
Q heir yearly runs batt

e

1) totals.
peat this test for the

3ACDH askePl n a comparlson of their
Be@ g averages i an attempt to deter ‘ r: !layer
higher scorlng ability.
1) Repeat_this for ntage
Q for ou dlng totals.
6. 23 wo hockey players and run Warly
scorlng for each player. V\v player has
ok

yearly assist totals.
»

6te: Data for these questions can easi
of different Web paKehAP

6.3 TI’ll Decide

-

Suppose all\coa t at the average college foo ba,
player in ed States welghs 250 poun
him? That is, should we accept hlS
person wou K c t ought
But we hav E' t\th ent at least to within some
probabilistic
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ThlS common stati \&Wt There are

sev PR\D Sts 1l ‘consider some of

am ove amounts to hypothesis

a of a population, n Wof a college
football pla er.

k g da ental hypotheses involved.

@ is a statement as e, no dif-

or no effect. Such a form of a

statement abe t Rﬁ e the n)‘equaling some

t

the81s test also invo s, called

alternatwe hypoth % a statement that

might fth . The alternative hypothesis

G’ ter belng greater or smalle ticular

ossibly not equ E

al to so e
a college football player 4 .
o the mean welght of a cﬁREV‘ 2 nds

@ &sm null hypothesis the ben—
; @ s person is presumed innoce u
provewfguilty, the null hypothe81s is p t1 l t d 1t
must be shown, be doubt,
that c

Sup dom sample X of 100 college footbal d
a mean weight of £ = 246 pounds i f 0
pounds. We will use i

As w “' ess for testing the null hypothesis
is to ﬁr ould be accepted We then wish to de
what values of T are so far from 250 pounds t W
very unlikely to occur if 25Q0.p %V‘
populatio KMP

The meE values are likely and whic
unlikely is e probablhty distribution of ZRs W
Limit Theorem tells us that wheg T is frox x e
of size n a VKnd 7> 180 en z will be
approxima 'g n addifion, thé'mean pz = p and the standard

x

deviation o at is, the sample mean should be (approxi-
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mately ) the populat1 iation should
R ard s own.
col ootba

e C at
11 players W have pz =
n oz = 20 pounds. W
Now when Ejy pounds as
‘K ? have a very low probability
E Iways up to the person e test to
n

e how low this unac i NHowever, it
is common teese val 3 ;RE , of .01 but other
6 t S d probab1l1ty the significance
E enote it by a.
is also more convenie V! ue for Z,
rather g p% e of the standard
\E arge sample).

ok

o urposes then,

itute the

o ‘Ew
,ﬁ Ki of"Z. Recall that Z measures the num-
ber o deviations by which the value o

the mean. A posmve value indic \

negative Value § 1 a: is
Also @ 1 rresponding to a probability of .95.

Thus, a E uew1ch<—1960rZ>196fall tsid
the area we Would expect This area is called W
is, the region under the stan w 96 o
z > 1.96 f K gion const1tute
strong evi Ite ate hypothesis. Values ou
this reg1on strong ev1dence in favor of th
values +£1.96 are called criticgl v, ues EV

In our ex le K lies in the criti-
cal region a@r @ Q hesis in favor of the alternate

hypothesis

BNQnot always know o, as ‘iElW s too
o) i i
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We now consider a EV
E A U l study claims that the mean sys—
B ale runners age 3, eters.
a sample of 41 S r an stolic blood
pres llz R ccept clazms of the uni-
&lu on: We again talﬁ KEV \Ew
ﬁﬁher ax—17/\/_—2 V‘Ew
O 15. 4 —17 \E
BOOK PRE EVIEY

cPREVEY

In our othe R at it is unlikely

tha Eﬁ ta‘m ic falls 1n the cr1t1cal reg1on if the ull

hyp hat probability was onl

But it is still poss1ble for this t If e Ject

the null hypethe . ) P& at 1s typically

called 4 - t isfla Type I error occurs When the test

statls r1t1cal region when the null hyp the

true. Clearly, ‘E
pe

Anothex @ can be made is to not reJect the null

hypothes s h is Talse. This is called a Type 1I erro

know «a since we select the s1gn1ﬁcance l E

of a Type II error is ul

hypothesi ‘% sur t ta 1st1c is normally

distributeg

6.3.2 Summar ’P ‘ V ‘E
To summ ‘ e just outlined for hypothesis

testing, we l 6llowing steps in the process.
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° Ident1fy the nul iﬁ thesis. These
S a values. Usually the
O s imyolves a“sta ement about _equality.
Choose the level

FR ind, the more serious a
BQ ouldibe, the smaller you should
etermme the z v NEV ‘ is, be sure
hat

» D ' t1cEl region. You need nterpret
¢ observed value
thesis.

B,@@%HB

One-Sided Tests V ‘

etifme &s&s t 1 one-sided test, that is, our
cri Q y on one s1de of the stand urve.
ple of such a test, cons

Example m e runners tend to
be t ” e avemge woman s 64 inchesgtall.

In a emale runners we find ha t of
T = 65.5 inches and that V& 15 3 hes.

Using thzs 0 lev pothesis test

Solu e entially the same five-step process
a two- d test V
(1) Hyp@s@@W&tP RE

L PREVIEW
111:“3@! \
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Cr1t1cal region: Si \E olnt at z = 1.65.
KP R
D ur observed valu l W (not 1.96
since our regio s no e e, we reject the
in fal hypothes1s ‘Hg. This is the
Q e by the®unning coach that fem

a, sfarg taller, on
han the average ove

Bhe act that P@V‘
atey standard nor EWAse the
strength of th e bin e blished. But
@ mall and he means less than 30, we can
stan

rd normal dlstrlbutlon oach
used

In 1908, while for l1 , Ireland,
Kme nterest tat1st1cal mference based
‘@ his had directly to do wi the
Gosset worked to de ‘
Wh1ch is deﬁnOed D ﬁ
whereé the sample standard d ga\ngw

In an intere istor tw1sP R ot -statistic
under the pe ﬁ a brewery did not want its
competition had a statistician working for it! Because o
this, the statistic has come to be called Stude W

‘We should note that ther E‘v nitel
many of h 1t called the
degree of@@ ssion of ¢, the degree of freedo
aEVIE EW

th ou

A t¢-distribution resembles the
Its curve is ct t 0 and it
extends in . | he expected value of t is 0.
D

However, th ution has a larger standard deviation, that is, it
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is more spread out t *ﬁ n. Of course,
the ne. large the t curves
ard or Il utlon Ap e has a table

probablhtles of t need

A spP laz ed t at every 12 ounce
@ calories. To test th ase of 24
€ d alyzed It was foun th vEZ at for this

I'ef significance.

sample, s = 21 calogmies. ?‘2

% K = 500 calories. Hew
ﬁ( ’()iy\ E u;«ESOO
w1

th o = .02. V\
@ P apply the t-test. Here we
507 — 500 ‘Ew
6 is 234 Sin St uses “not equal” in Hg,
1t is esis test. From the table of A nd

o1 = 2. 5000 Thus, the With
t>25ort<— ca reglon
and SB

Exercises:

6.3.1 S h ClE]E 5& V@;e players shoot
random sample of 36 NBA players
ean S ootlng percentage of .43 with a
atlon of .04. V‘
a‘::’oa ! ;0 Ee claim with a .05 $W

2. What is the P e or"V
@ lethad bBeen on 100 players instead
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6.3.2 Suppose that s Ag NBA player
(7 TO ZWR‘ a sample of 36 ran-
showed n free throw shi rcentage of

t a standard dev1at W

O@ KathEls test on the clalm gnlﬁcance
evel
ay'

ers 1nstead of 36

P“

It h n ent for sprained ankleswas re-
1 players faster sually
meant an average of 7 VE served
th@ 0 lost ypothe51s test
B : E\N
4
B : 8
B Q Klevp Rﬂalm
6.3.4 u

ncer claimed that NFL games
take longer than 3 hours. S Vx‘ ames
showed e o anda eviation
@’ he s test on the 3-hour claim with a
evel'of .02.

6.3.5 A newspaper reports t £¥ W
sala

doll ries showed a

nd a standard deviation of 3 millio
doll W
) Do a .05 51gn1ﬁcanc V
he iy ha been on 144
playerBG

Download More Sports Betting Books at: www.bettingbooks.org



DOWNLOAD FULL VERSION HERE: https://bettingbooks.org/19

212 Mathematics in Games, Sports, and G

6.3.6 Usmg Table 5 kﬁn the 98% con-
ﬁ 1 t at\Cal is a 20 home runs

B tter
6.3.7 Agam u Vd 19 Wtest at the
K ipken is a 28 home runs per

pREVIEW
BGGK oREVIEW

1th uis

ments taken for fact by most,
r en to be true. The home t ntage,
ys send up a right-ha V!e -han itcher,
alwa st wthen “P/R any more such
saying in alned in sports fans most, without
rea 6 th. There are many o n for
granted that may or may not untl avunner
to second at sit P\R an' ge us to try to steal

@ ‘ go¥for the 2-point conversion in footpal
Alm rategic move in sports is ope WZen
n1ghtly on any sports n w

ry to verify their
vahdl ’ hat then they become facts rat
than \Ew
6.4.1 QK gP REV
sies

We b t adage to check, home field adv t

You hear this in every sport. Playlng at ho
on the road. Reasons are s mE &r a
comfortab Pn ssible for us
to test. ﬁo

We will adage with the data in Tab W
These tables show the home an W‘

e teams have winning home
s, but others have losing records both at home
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: W
B O 0 Tampa Ba

BOOK = IES

Minnesot

Detroit

e"home winning percentage minus

and away. Thus, fﬁciePoREMh!I; and away
ider 18 th
¢

the rogd/ RITIC

entage. If this value is positive, t e
has performed better at home than_a ‘E) e
differences are showngin 6. ‘RE
’K:es, e s none are negative (two
rforme

d worse at home than away, while ,al

most all teams performed better. Our conclusiE

n
supports the claim that home field age V‘E
Now we_gwill t&on?n reld antage. Let Hg be
that homm rican League at a .54 rate and H
that Amer ue home teams win at a hig te. W
N
cemtage for these

We wish to test this hypothesis.
for this test, _Notemths

American Lﬁ seasons is T = .5590 with
a standard tiof of .0862. Finding z we see that
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B O 0 Boston

300K BRE

o

and we accept the null hypothesis.
that American 1n a

This hue 1S well below 1.96 and so we are 957 su
P
rate
When yi , all' major league baseball tea

average h 0 approx1mately 52% of thelr

teams have won 58% Of their ho

won 66% of % ee orts have an
(1 d

even strong rall the ev1dence supports the
adage that dvantage is real
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: -
B 0 .Q ﬂ Te Difference Computation
A A
L7037 - 4938 = .2099 Bosto! E 4 = .2096
New 25 - R M ‘ 027 4814 = .0988
BiD 4 - .3827 = .0741
Chicago 6 - ,4P R
BOK 4445 = 1111

Bay

ﬁ.g Qy Versu ghP&EV \EW

angthe aseball adage that hitterg hit

better aga her of the “opposite hand,” t is, t ded

hitters will hit better against | 1 CVt %i ght-

handed pitchers asmd and R 1 hittbetter inst right-
wil

hand it @ eft-handed p

Our 0 be similar to the one we took for a -
tage, that is, we will find the batti 0 u f S
against both left- i an R;n3 i look at
the diff 6 ﬁ Q er’s\averag ainst the opposite hand
pitchinéﬁ el rage against the same hand pitching. Tabl
6.5 contams the data for 15 players selected fro io a, uw
teams. Three players from each tea 1 dvla %i h_hife
were selected, si ace ‘FZ zepitehing. Also, only
players wi @ bek of at bats were considered. Data w
collected o c yer for both 2007 and 2008. W

When we ask a question like s t Evat 7”7 \or
“Do right-handed deitgens pe Keti?é 1 anded pitchers?”
we are askig @ 1om ha$ an effect on outcomes. There

reé™po

are essential ssible answers to such a question:
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he ect !? B clal M:a\o
IQA e should see esse 1fference in
en the special s s not hold.

ral eE REFG
we should see ev1de comes are
durlng the spe(nal sit
1598 E ds ®n"another feature such

draw such a conclusio cev ekEWa certain
8 ? uation

s¢did a least as well at a; a ajority
actually perfor tger at Ey luded that
real.
B osite armed pitchers, we erved
onal effect; that is, we consid E tters’
battmg average itc RE heir batting
@K nce, we find

dz ff = averageopp arm V ‘Ew
W1 P REHS ering each of the 15

playe @ 3 we have 30 differences. Of these, 7 were

negati 08 and 2 in 2007). Further, no lay w

difference in both years. Thus, t e
for home field Va ]”P B
nce in we see that the mean dif-
ference for 2007 the mean dlﬁerence was .05
it was clalmed that players’ batting avera, es W
against pitchers of the opp
that for 2 KO(;? were Workmg with
a fairly suﬁ 1 players over both years
But wh conclude is that our sam l W
that there is generally a p0s1t e geffec ‘Ei

better agai 1t osit
Next, we est he ypothesis that hitters on

average hit . r agamst pitchers of the opposite arm. Thus,

Wa situation, we saw that e data
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Bék PREY \?&j
oK TN

ézgm PREVIEW

500K PREVIEY
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Ho is on average r allst pitchers of
the_opp
“h s hitlhig an 015 bette hers of the

he d eBd fference in batting
3 a Stand ev1at10n of 0051
\ or a .05 s1gn1ﬁcanmEV‘ es1s e obtain

< 1.65 and so Z Wl region

or the one- s1ded stgof t ‘E ageept the null
h . K ? ta supports the claim that
! 015 points higher a‘aEW of the

uppose NFL football t i&{ game
seaso e successful
2 tc ons are successful Compare

ber of pomts per game of
1cked an extra pomt vers ‘E 01nt
convers‘ln GK ‘PR’ int comversi ccess rate
6.4.2 pose an NBA team takes, on ave We
Also suppose the tea EV(\) t¥shots\taken
g?’ K ormally takes

ty

-point shots. Would the team
taking fewer 3-point shots7 Would
better off taking only 3-point shot

off taking only 2- nK ?
6.4.3 Th Q e Expected Runs Table fo

1977 LB seasons (see [20]).

s1tuat10ns and the expecte nu EV

score i % e claim that Wlth
sacrlﬁce bunting a runner to

second 2 goo baseball strategy‘7
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Runners on AL w 1 2
. 239 .090

K 294 820 _.490 .210
B WGso 314

1 147 .693 V
&l\v/s’/? O e )un Probablhty Table for
BG seasons (see | probabil-
of scoring one run_ in a rt support
the cl flsg ﬁ | sacrifice bunting
B @%on baselis d ay‘7

Runners on AL iI'n )

261 148 .061

- 4
. 424 268y .124
s .634 414 éV‘ 216
‘ f different sports statlstlcs nd deawn
a nu r 0 1ﬁerent conclusmns We ha ally
do not thlnk the best
Also, does ne'the best hltter But
es

are t at a,117 Are these measures rea
impor nmng?

Note: HR = home runs BA V*E
percentage, O e enta,

It canibé aé’ portant offensive statistic for any
baseball @ ored. You need to score more than yo PRO
nent to win, so runs are clearly critical. Also W
variety of ways, not Just fro i
seems mo can P, ance, not just that
of an indlB

In this s Want to correlate several com W
with runs scored. If we find E
these statisti K}& nger Justlﬁcamon
for recordin us, we will use the 2008 team

offensive sta wn n Table 6.6. For each team in major league
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B (ﬂ%amy ;vEtls ics
Slug OPS
Boston 845 EV % 05
12 .3 08 748
K ?R 71 444 784
BO 11 235 .263 .

Clev 805

429 762

EW

397 717

323 . 137
321 408 729

B E 137 264 333 399
Wash 641 117 2
> i DREY
707

1
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baseball we have recor. i‘rE team batting
ave FK age.
‘ S Versus runs sco tlle American
s In 2008 as well as mating line
for these pomtsK PREV
BO‘QDD

850}
B( s00}
150}

B‘ Toor

e50r

100 125 150 115 200 225 l

\ AL

B
FICB@ @% W?s K Sred, AL 2008.

Calculatlng the K ? EV ‘E d '
2547Tx + 572.451.

When we compute the corrglati V & We
data of h 0 SCOPV correlation coefficient
@ correlation coefficient = 710 W

c e

This shows a mlld correla \F
Recall, co %se strong correlatlon
while tho no correlation. We are slightl
above the that range, hence we have o w
This tends to support the theoryg,tha mr§c
a run than K ? a set.
Now we iIB National League teams. The points
e

for all Majo ams in 2008 are shown in Figure 6.3 as well as
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the least squares appr IE 1 ximating line
Q Q T 549.757.

s, the addition of \& le to change

1S es e same. When we

the line.
tion e or the expanded data set for home
n scored for both lejévl w

rre

e da a set remains on d in fact
e coefficient has decrea he claim
that h gly correlated We
at fact, as our data cove 1 offe year.

e p v1ded some reasonabkw <‘

‘ ored

rn 0 another potent1al cor Wteam
battmg average vers u tioh in a

s uns scored We again

E!battlng averages in 2008, o Wball
teams versus runs scored, and t R in

Flgur
d shape to the point plot. We a

ﬁnd t ares approxnnatmg line to be V ‘E
The la, ed b the dlfference in scale between battln
averages The real test is in the correlatlon
time the correlation coefﬁc1ent for
scored is
Thus, batt g

e is very strongly correlate
least in this data set). Agaln iSyis n

is only for 2 ry go tlng average
is strongly
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BOO‘(. En E\I\FW

900
Bc 50

g00

e

100

B‘eao
1[5%\125‘ 150 175 225
A e FV\EW

S00,
Esm-
aoof

‘ 150

100

a50t

0.230.240.250.26 0.27 0.28 0. 'zgw

NV *°
FIGUREB'\Q averages versus runs scored MLB W
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Exercises: Ey ‘ W
Bﬂl@&% R this Sectlon Base Per-
) versus runs sco eague.
6.5. t EMK ute the correlation
OB

s scored from this data. I the corre-
cient Justlﬁes 1t fin oximating

line.

@KercEta VErsus runs scored atlonal

6 5.4 rela M !d a of the previous
orr atlo coefﬁment justifies it, find the least
proximating line.

6.5.5 I‘DersP EM ln eague using the
00
5 What is the correl t1o V ‘EWVIOUS

exer

6.5. s ersus battmg average for 1 gue
sing the 2008 data. ﬁh ‘
6.5.8 r& efﬁR e data of the previous
correlation coefficient justifies it, find Wt
r

es approx1mat1ng line. EV \

6.6 Arguing over Outstandi
Sports always\a l? rf mance of some

player or E e Wlt a given statlstlc for a partl
player, it mes difficult to judge the

because we do not know the ¢ tex

example, C oW, 301
is a good av % sa y one that Would cause a great
stir. Howeve mski won the American League batting title that
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year w1th his .301 aver iAE ague was only
.23
Qa or the Tlgers parable to
01. But in 1980 Wln fact, 18
h ting .390, a full
5 ge. Thus the context in which
: 1ze is m eamngful in me ievement.
"- ave the tools alread ive to the
part1cular m‘ ural approach is
’Kd
r

players hit bett

e performance you will

g1ves a measure o iations a
tlcu ar statlstlc is ﬁ
a .388 to lead the American
Z%8co

Kr%’ér PREVIE

tandard dev1at10ns e truly
outstanding performance ior

ZBrett —

; ﬂ 0

Mi(& score for 1980 is 2.37 and Alan
is 1.14. These numbers help put QT
positions in the leag ER

In 19 . ing' as close to being a .400 hitter
as anyo ' pears since Ted Williams .406 in 1941.
Z score was 4.70, thus even farther separate W
Brett or Carew. E

In tryi tst nces we run into a
problem ':EA ern These Z scores are relati
their own a partlcular year. Compar ‘W
or leagues this way does not E
than the Z -o %ﬁu Carew, Brett
or Gwynn h i’( astrzemski’s 1968 performance

is actually essive (his Z score is about 2.6).

.390 — .2690
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Since sports fans \lﬁd s and across
R arisom is An early sugges-
bothom erritt Clifton (see [B5)) was called
e a ing average (RBA ufatio e RBA is

league average

RBp

B@ \ 19
Brettgp 0 V
d o K}i P Aof 100 means the layer’s
a exactly that of the league uld be
re ed as 45% above t is still
relatwe to tha par u
ell gge S rlety of adJust ents to help
IP3 (More than we have ti ntire
bo 1s about these adjustm easy
to apply is_the i ust er g
fo owing formula
Player aver Ew

MABA =

‘ the leagu mean was 255 (see [35]). Thus,
for G obtain an MABA of ‘Ew
while foB @ GK i

T careWMAiA(% RE\J \EW

and for BG@
394
GWynnMABA = V
ful W ch player had

Now, we
a better yea te against the mean of his league
and the meal leagues over a longer period.
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As suggested by Sc t H‘SEW adjustments
a 1s standard deviation
K a

FIV 5 n and standard dev e MABA
S players with sufﬁment ndardized
standard dev1atiK ore overall
Q \ v q

A for Alan Tramm 980 “ w
6.6.3 Find th K‘MIF in 1
€ arl Yastrzemski in

as the league mean. ‘{EWY
PREV.

0
% Mickey Rivers in 1% ‘Ew
6.7 A Last Look at Comp V‘E
We en P arisons of means, this
time w There are many sports 81tuat10ns
where s r

isons can be apphed The techmque 1s a
case of the t- statlstlc RE
6.7.1 SB @ : K P

This sec ishased upon yet another comp

and Ichiro Suzukl We considered t E
earlier. In t e th ason basis.

Each pla; e our earher data Their hit
totals for ea

re shown in the stemplot of Table 6.7. We base
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our test on the hypothesi t mVn‘nE)Wer season for
B6 GK Ho - /LS ‘Ew
K E MU
BOO

VEW
OK RREMEY
B ook PREVIEW

8

From Bstlot data we determine that xp = 19 T
225.625. Further, the sample stan iagions\ar, 10°
and sg = 19.9566. Wegalso th )

In com ;@ x@n small samp
i

T — X2

, one uses the t-statistic

where Z; ar @ ; the population means, and s; the
sample stan dé¥tations, ¢ = 1,2. This statistic may be treated as
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having a Student’s ¢ ‘ﬁw equal to the
sm, and R valug fo Ho is obtained from
lé @ an‘a 1 onfidence interv W Ho is

g erage the
Sz umber of hits per season, th Wﬁhe&s test
again is ﬁ'/

From ourt ts ‘Eﬂ yg —‘ 225.625.
% he , from Table 9 2 we see that

O(OKQ 3PRW ‘E
5 1111 < pp — pg < — \E
that is, our 1nterv IP fidence in-

hows th ence to be negative (with

Now ;ﬁ ,ug part of thls and we do not
What we shall do is assume w
it is not. fp — pg into the
formula. \' 1s Zero as we assumed pp

Thus, wi W

: 300%
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But this t value is \E rt > 2.365.
ence, JGC? oth
@\ jomsurprise that we reJecte esis in this
Suzukl had almo o his mean
numr o ni cant h1 an that of Pujols.
asonable nu hypothesm Thw\e we will
R; # —25.

BQ\en we compute the t—REVa‘\

‘BQO‘L in the critical regio E ept the
new null hfpoﬁ KSu@ 1t

6. 7 1 Usm Table, 5.42 Rﬁ 1n\1E3n‘the aver-
l P S SC ed of Jerry West and Oscar
g qual using the data over the fir Wthe

g@@% thP REM l;‘ut over the last 8
6.7.3 Test the hypothesis that Ro iE
number of EO‘K ta from
6.7.4 T he same hypothesis as in the previous _pro
the data of the last 8 years of R‘
1th years experience.

6.7.5 F1 \T ALt
* efint rval for the dlfference in the

num of TD passes based on 5 y
player. P
6.7.6 Usm . 0 us problem, test at the 95% confi-

denc ypothe51s that the two means are equal.
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6.7.7 Select any tw V‘Ea years experi-
ceunter lue of the difference

Q yearly e gamed by rus
Run a 95% hyp nning backs
s pr
e urvey of football injur ed on ar-
t1ﬁc1al turf showe m
da

average number of

iation of 2.2. An-
‘@ S in ames played on grass dthat over
2 ' he average number 3.8 with
a standard dev, tlo %v part the claim
B@ ﬁ %e turf than on grass?
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Chapter \Ew

In this chapter ill 1 \IETA zles that
' ¢ ema rea game or puzzle and
B’ re bDeing marketed Som S come
a long h1story magic squa. TSE anoi)
M uares). Some

Whlle others e smpposed
‘ nic others are plastic (Instant
(peg games), others r and
(Sudoku). Some have ‘&E
No matt @R side oach w1ll be
the ‘1 ing math ics and use it to our advantage
in t ly as a means of solvmg t}vz‘EW the

7.2 Number A
ThereB @ 1 t u1re you to ﬁll in the entrles of a
e

nxn( ay with integers satisfying particular
this section we will look at two of these ﬁE ‘
7.2.1 NB : K

The first zle"we consider is called a magzc
is an n x n array of pos1t1ve i g S
1,2,. y 0 or main diag-
onal is the % is called magic constant.

m

The first ple of a magic square (see Table 7.1) is taken

233
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from the Loh-Shu scr ‘E ina. Scholars
dat it topt #l 01 on, Fuh-Shi, around
. O 1c s have been found ingdm@wings from
(¢ tures including E . An Arab
mathematlclan V“ uaresfaround 1200
Kfe. ? ties to them. However, the de-
E peékties are not known toda; Wthere are
es to the use of ma 1c E tions (see
[21]). OK p ﬁ ‘O
BO TABLE 7.1: 0 oig e

Before w c 1ng EHSV ‘Eowmg result
\3@ il b hel

Theorem 7.2.1. The sum of ‘Ew
that is,

Proof: In ord(fr toOWultP R V ‘Em = !k

o ;z—1+2+ e +‘2Ew
B -BREN

(k+1))

@/ pREV\EW
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If m is odd, then tE’;WJust add the
ISE S ‘ ﬁrst to this. Again the
Example: PREV ‘Ew t is the magic

n the case of an n x uare Whe entries
and averag ‘i le t E constant.

BQQK PREMEW

Bt for arbitrag w
BOO EVM\EW

Note th
oc stant is M = 5. Thus t ws, off the
arra el,4 and 2 3 in some order
is no way for the C lu

magi

FOIB = = 15 Wlth this in mind We ﬁnd
square 1S the one shown in Table 7.2
%}re
: ‘ ‘
B Pg REVIEW
We can eB @Kws, olumns and main diagonals of
0 15.

this square
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If we form a new sq iE magic square
a new magic square
ent ry s n the case e see that
us, the complem re of Table

7.21s the one S in o re h1 square with

ou d ppened in transformlng the
ent7 E

Me‘ary quare
9

prD Q]umfy why e ‘EW o

produces another_magic
Sol @‘K or main dlagonal W1thewte
Then @ @K P Baary square is

n
Z((n )—;) = n(n’+1) vaz WEW»
Hence, K aln, and S0, since the same
argume co umn or main diagonal, the complementar
square is also a maglc square. V \

It is an deter Ee tinct magic
nXxXn squa by rotation or reflection). How—
ever, for s S 0 hese numbers are know

Problem 7.2.1. QtOQK PREV‘E

Question B can we attempt to find magic squares?
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TABLE 7.4:

Begsolg)n method usi qury to
accomphsh the e e Rﬁ th repower.
a& he one in Table 7.5.
V\E e subtract L +1 =5 1r
bt

a 3 x 3 array Wlth entries RE O‘EW
F‘urth&l n and main dlagonal sums are no
can use this 1nformat10n to build a sys

ﬁ a E atu;RQ Unknowns
columns dlagonals
a+b+c= a+d+g= O
d+e+ f= 0 EE i ‘
gt BQ( )K h?
Thus, we 'g Wa‘B EV ‘Ié had

at least as we know we could solve the
system. We d a suitable multiple of the first equation to the
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second equatlon to get ‘ﬁ the variables,
u tlp rs equatlon to the
@ t10ns gettmg m s, none of
is Varlable w R ehmlnatmg

another varlab e, say Y e unknown.
is av?a te 0 nd the rest
g@ " t o It turns out that sfare not all
e independent. To see me of the
variables in_te 0
’% s for a, and g, respect lugging
o the first column EV aélwguations

500K P PR W
'PREVIE:
Boo‘ﬁf REVIEW.

ther 2 column equatlons
a and g in the 2 dlagona ti
are 1 4 equations (the last 2
equatlons in 6 unEfo
(1)

?‘Jﬁ\a\l\ EW
ooK W

Given t @ O @r and We can solve for the rest.
Adding eq 4) we obtaln :V ‘Ew
This implie O

e=b+h+e=0.
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Which in turn implie REV ‘Ew

: @ K, ¥ 0
gOO0K:P REV‘EW
mmﬁw

iables is
~ That is,
P RJ 4 7=

ﬁl‘cu ing for b, c and f \ ation pro-
duces

= 10.
e equatlon for an ell; s htfo EW that
the elght mtege@;K ?

2 A “
all satisfy t &ISOPIR m —4 to 4 so these turn
out tg@ in this range that satisfy the equatio
From for example, we can asmgn the poi
plugging these values into t V“

E’A peoint

initially iEV 3 @ @ D sin for ¢ and h we

— e

obtain t r feflections of a 3 X 3 magic square, giving
all possi ays”of producing such a square. Thus, we c side

this a complete solution for the 3 x 3 maﬁEV‘

q

7.2.2 vBtm
There is relaxation of the maglc S u
allows some 1nterest1ng resul R a c

gic const ant.

pr0v1ded th S ar
Thus, we als to also sum to the magic
constant.
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As a convenience 1n ‘E lowing simple
Var 0 t r our weakly magic
le ariation allows us to take Wge of some
De Sup Mn\;tegers wzth n > 0.
con uent modulo n zf and_omn n divides
enote thzs relatwnsthV \

BQQ a| 18 congruent to b lﬂ
5 are congruent

KPR
Dok pREVIE

MB QQK, PREV VIEW
Vlgel(i% any posmveK P-R V\Esw dic
T ?REV \EW

where 7' nonnegatlve integer.

We will find this arlthmetlc usefu kﬁw
integer is congr ese are
our entrie magic sq ares

Weakly uares have ties to other ma

For example, suppose we have, t
A Latin S u 10 {1, , - n} such
that each i in each row and each column

(see Table 7 WO Latm Squares are said to be orthogonal
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v1ded the pairs obt me V ‘Ewlates are
all disti 30 all t
& \e hey also have
e

Latln Suar
ap 9 3 n of at riments.
a 04 x orthogonal Latin

Squa: agic
squate using the mappmg REV‘E

whe QarOentnes from the two ort
4a + b is the correspondin, ent
In our eXG G‘K own in Table
'V \EW
g S

rtho
T

ho
BO 1 2 3 01 2 3

800K PREVIEW

The reader SBQf t;at these squares are orthogonal. We can see
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that the eond1t1ons E W
O O R a=0, b =

B E@IEEW

QK.P R
e Nave our constructio eak magic
a es to orthogonal Latm S VW

other number array lar1ty in
: all mvented by an
i War Ga 9 and publ1shed by Dell Mag-

% 3 umber Place pan in
here the name S ok !h se for “the num-
It Wec

¢ an international

bers mu Q
gam e1stoﬁlla9><9ar W
in such a way that ea h f th h row
ray a

atin S quare), and

and - nce
also barrays also contain each S
1 th he player is prov1ded an arr, W y
ﬁlled in (see Table 7.9) an mu W * lete
the S Kﬂ

’ tal strategies people use in trying to
comp idoku puzzle. The first might be ca ed

Scanning is usually performed a ‘(ﬁ

out the proces Fl\ ing. The
first is ¢ i@ e TOWS to identify which l1ne
in a regl a given integer. The process is repe
the columns. If we do this with our example
upper right region needs to V e firs
row as it t r %up le gion, and it cannot
be in the ]B“ e upper middle region. Fur
it cannot the third column as it is there in w

We
As there is a 6 in pos1t10n his PR
The secoBQ ing 1 — 9 in regions, rows and
i ss

columns to ing mtegers For example, the upper left region
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is ?ssmg 1 2, 4, and V‘I;EN Jthe
cann E\ 1S helps narrow
dow! his will narrow thlngs to_twi

D s511 1tles We have acco W

left hand region.

more 1 tegers to insert.
Now @ e sort of ogical analysis of the array
ike to mark cells with a short list o 1 e
for that cell. Then later they ca V of
gaining more infor P
But fimal “ yer must ask the question: What if
T appea ) ThlS is usually done only with a c
that has only two candidates. The player mak W
to complete the array. v
Many p hav sorte ? more optlons
but this sg a ] e un of the game.”
Beginn wish to start with smaller arra;
2 x 3 subregions provides gookctlwx
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BQZlaomaglc square WItHREV5‘ Ew

G@ uare

there ways to construct ne i Wd ones
that do not chan R nt

7. C@@ wing 4 x4 magic square:

BOOK R*‘EV‘EW

7.2.5 Use th , Nk , frovP EMslo construct two
0 . order 4.
7.2.6 Complete the following 5 x 5 mREV ‘Ew

BOOK
7.2.7 Use Ve of the previous problem VTEW

orthogonal Latln Squares of or
7.2.8 Com ": 9 e frl ction.
7.2.9 Comp udoku puzzle from the section.
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% er of Hanoi
The Tower & ed b h h mathemati-
@ G 83 e puzzle is often introduced
bor able of 64 golden disks, ea piled
er of size, smallest on t WE onks
of the tem ¢ P@B er Bhe™pile of disks to
fragile and a larger one can never be
plac maller one. To make mat rs nly
one 1ntermed1ate location wher E end
says that when t (P R th W lend. Our
job is " k moves that must be made in

O ‘ ove (3

order pile of disks and in the pr

of accomplishing the task. ‘E
In most 51tuat10 e ls Rg n one of

three p ‘K

peg is t - of¢ and the third peg the final desti

the disks, the second

inatio
(see Fig . Of course the roles can vary.
In order to solve the puzzl V‘
n = 1,2 or 3 dis d %CP]& e S0 utlons
e

We will a ¢ ] 3 eft most peg, and must
end up on oht most peg, with peg 2 a
location. We will also consider the di
the smallest being_d k larg

With n = — qulred take the disk from peg
1 to peg 3. ot much to learn from this case.
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Jel0)

EBQQ Tower of Hgnzph o w
,‘4 PREVIE
B’st 1 to peg 2. EV ‘Ew

A little though
re was to move disk 1 to

move ﬁ @
e C

peg 2 ate peg, so that we could move dlsk
Then completed the moves by plac1

Next wel ‘ e easiest way to think
about solvi 3 c s 0 view 1t in a manner s1m11ar to t
case solution. That is, we must move the

intermediate peg 2, so that

complete g m peg 2 to peg
Rather t y countmg out all the move
such a plan, we let M, be the
pile of n dis ot 1= 1 and
My = 3. W n assume Mo = O ‘We would like
1

l
yn>

to determin
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Now our process of \(EWthen moving
K @R uires
Ms =

rally, b t Ve the pile of the
eg 2,\then 1sk n to peg 3, t

hen_mewe the pile

S peg2topeg3 gy’Ew/
‘;‘\OK formula, also called a (that
an equation for the n- tlp ‘ mb eﬁned in

terms of t
@ﬁ S35 M3z =7,My= W
and we could ]\v
3 che ut ua ly use the recurrence re-
@ Tadéa closed form for M ? Note th ve a
ence relat1on hke (7. 2 l ion(s
for the rel FR‘“ m es of values
tha rel ost any recurrence relation),
thu@ tify a specific sequence we initi
values. In our case we know E i
more than en ug /\tP e ex
rn = My + 1. Then clearly,
a

as MO atha ro—landhence forn>1

o= (2Mp_1 +1) + 1 = 23, R (3)
rn, defined as rn—2rn 1,for

n>1 tial*con 1t1on ro = 1. But recurrence rel
implies V
2rn_P RED 2M1) = 2"
Since 7,

, we see that V ‘EW
K E produces the same values as

Stk Wlt the given initial conditions, for all n > 0.

3

‘We can se
the recursiv
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Thus, we have solved \ n easy to use
for Kﬁ R
@Q hat even if the disk every
second, since ther P E

K 26

6() X 60 x 2
Bﬂto Kht b security for the monks!
3.1 Flndlng olutio B{ ‘Ew
eth

is a

seeing the sequence 0 ves we
r to accomplish this raphs.
1S tlme in two d1ffer Vt the graph
on 2" ve rtl(‘:? -tuples from {0,1}
“ f and only if the corresponding, n4truples

erm (see Figure aEV ‘ W

B W

01 11

E W

001

‘ -
000 100 - w
[

010 110
111 Ew
IR F e
FIGURE 7. -cubes Qn, n = 1 2,3.
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The labels on the v \ﬁ to the moves
t P find/ a hrough the vertices,

A ex label all zeroes, and y returning

fex, and visiting all ot w Our moves
one n-tuple

tex
anot ffers in exactly one position.
that returns to the is called

tonian cycle of t r
e only have two
3 d n thls casew such a

] K n tRIE which disk should be moved

e Pe the n-tuple that chan, h disk

S. at is, in going fro :&E osition

that diffe ﬁ k was moved.
isks

ab
i o e the re ecorded mod 2; that is, ap, even
’ OVEeS

senasaOandanoddn as 1

e n-tuple. We should als -tuplesin this

manner consti 3 Co uerce -bit words (the
re

n-t 9 e next WOI'd dlffers fro the

pre;ﬁ exactly one posmon Gray Co ant
applications.
Followin, fr ray Code
we se‘is
e edge from 00 to 10 1ndlcate EW
is to posmon ord
d1 tes to move disk 2.

° The edge from 11 to 01 indicates to
The fina @ @ Kla R but is not needed
i 0

< ves are sufficient, but there, ar,
2" edges ilmt ycle). A solutlon to the W
completion of the hamﬂtoma ZEV
In this e oice here are only

two possibl @ ian ycle in @2, that is, really one
cycle travers osite dlrectlons But since we clearly must move
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disk 1 first, we are for t& . In larger
e \@n& sib cl the ch01ce of move
i C ear.yWh ear is that if w solution to
ill allow us to find il W underlying

Gray Code 1n Ev‘t

’ usmg graphs to mode . Here the
(1ees e graph represen ions. For
the one dlS . he vertices
B@r ed1 egl peg2or peg 3.

r\ﬂc

BO! W
BO 3 w

FIGBE@ @ Ngrap

For the gr ~ isk E y \ges one re-

pla(n —dlS gra igure 7.4). The labels of

the v n re . e ent the configuration of the dlSk

ing this point in the process. Thus th

being on peg 1, the

21 reprB‘ ‘é nﬁg at isk on peg 2 and one
t

disk on

To go e graph representmg the 2-dis
representing the 3-disk game, we a v;
(see Figure ' to 1 replace’eac Vertex
of the tri @ kg a copy of the 2-disk graph
and then t labels.

To obtain the new labels in th: V &%E
the labels in_the g the jo)8) al to
bel

C '
each label. & as shown in Figure 7.5.
For the ve e part of the graph replacing the vertex labeled
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—aw=\ Al

22

O¥e BA&“ e

BO 2 W

] EV \E — 1. Now

a ‘ ‘ e la

DE the part of the graph replaci beled
ap the old labels us1ng 1 xﬁ pend

a 2 at the e fin dlSk graph

I@V’ ta hor est solutlon to the Tower o

puz he edges down elther si

of choice depends upon w ch v the

3-disk rap e d f 0 dges down

the ri q destlnatlon then follow the ed es

down e us, the corner vertices can be

which side of the structure you W q

We can also_use t "p est on (each

Q most on

2, change the g

vertex o ) solution to the Tower puzzle
One suc

disk puzzle with peg 2 as the desti
is shown in Flgure 7.6. Of course, any path fr S r
the destination vertex provK
7.3.2 B Q‘ anoi

There are several Varlatlons 0 the y%"aa
changing the u s a c col Tower

of Hanoi. o ¥ n le version of this game.
Again sup ave three pegs. On the first peg is a pile of n
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VAN
B <
\ \

T
” @ ’@

\
Q N
he 3-disk graph model \Ew

@ ‘K gut also alternately cglored
O 'peg 2 is another plle ately

col ed white and black The EEO g the
: p er disk, so as

es,that 1s, one plle of black disks_and

As an example we consider y%&w
7.7). Here es the larger

black hlt disk’ the larger white disk. Then
the m

3. Move B1 to peg 2. EV \Ew
Thus, @r of smgle color, solving the
Of course e is more 1nvolved with m
bicolored game is similar in nature W‘H
Hanoi. Cle K wer of Hanoi are
possible, bul E here The 3-disk version is
cises.

considered i
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—aw=\ Al

o —Y)

3 atlon of the Tower of Wlth

three plles one on each le on
disk size a SP B lack and one
gre @ ct of this version is a deran eme f
the o move each pile to a n eg
of no larger dlSk placed ona s V‘l w111
call thi VersP Hanoi.

variation, consider three plles of one disk
each , one 1ack and one grey on pegs 1

2 a
Then the moves 1nvolve thl V

;!me disk to peg 2. w
3. Move the black dj P REV \
4. Mo K

5. Mo e black disk to peg 3. V w
We end w. P onpeg 2 and the
black disk hortest solution to the 1-disk
a

derangemen rger versions are considered in the exercises.
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. =\

FIGLB@ sk detangement Tower of Hanoi. w
Exercises: KQ E EV\
7.3.1 EBQ Q lved in a longest nonrepetltlve solu‘mon

ard Tower of Hanoi puzzle Wlth n di
7.3.2 Is there a nonrepetitivegs imD zl

for 10 gest number of

mom ndifo the prev1ous exercise)?
7.3.3 Find a 5-move solut10n to the 1RE ‘E
1sk Hanoi puzzle.

7.3.4 Find
7.3.5 Find 2 “ e solution to the 3-disk Tower of Hanoi puzzle.
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7.3.6 F1nd a solutio ldEWﬂanoi puzzle.
ber optimal?
0 the 2-disk deran f the Tower
of Han01 that is, ‘ ite disks on
e e 3
t n to the 2-disk bicolor, oi puzzle
Wlth the added con@RE t disks are

ii Ee game of “Insta *&0 four cubes
ite, blue and

w1th fac a se
olors on each cube is uni ough
game could allow re e o f the

game is to stack the cu side
of t sho K

E goes to Franz Owen Armb
calle Armbruster) (see [19 bu WwS
to an older puzzle known gas W\ as
mark ers b

% hex use'o graphs in finding a solution to this

puzzl

order to do this we first create a standard i
a cube (see Flgure 7.9), showing (‘ ides.
Of course, th WOH 1§/ co ely up to
00se

you. N @ youl ch e front then the back is

¢ '
fixed. @ o o elect the left, the right is fixed, as ar
and bottom. So you can always obtain th1s sta, r
each cube.
Next, usi @ K P pp se we are given
the four CBQ
e

Using t

create four graphs, one t W
cubes. Each of these graphs ongists
each color. %et tices representmg
opposite facE nnecththe ertlces representmg the colors

of the top a and right, and front and back of the cube.
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A }

Back

BOOY————w

BO O‘ Bottom _'w
Q —r‘“—
BOURE i B W

H r v tlce ree edges. Note that an edge
caﬁ n edge from a vertex t o pens

e graph representm Vﬁ‘ 1 are
both Whlt EPcR ve the graphs

le

cu
T o superlrnpose the g s1n-
gle set of four Vertlces (a i Vj\z ors) ling
each edge w, Call this
super ‘ @ 1g

a solution to the puzzle exists; that i
stack the cubes so the four color iE‘
front of the stack at W e th ce each
color is ¢ @5 (amd baek); 1f a solution exists, there
must be of' S which represents the front and hacks 0
the stack for each of the cubes. That is, ther W

which contains four edges, with ea

number, oms? b ck of one of the

cubes. B (colors) should have two edg
om

incident t

e color appearing on th ‘ ’( h CO
and one for the color appeari
Thus, eac Kee:‘P wards degree
since each ¢ B‘ nt and once in the back of the
hat i

stack. Hen s called a 2-regular graph (that is, each
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- WA —‘ A ,
G
W G

Cube 1 Cube 2

‘ G R B B G R
( w B
Cube 3 Cube 4
w w

FIBQ L V\EW

vert ’Q Eera r-regular where each verte has
the degree 7). Hence, our goal is ﬁ P
E \e t
o} etermme the

regular subgraphs Sl and
the front a: olu
left a: In our example these two subgrap S

< g
are sh gure

With these - S . P‘ a way to
stack t tar cube 1 and place its red side
in front ue de m back (using the red to blue ed
1in S7). In effect, we have determined a dir ]W
the front (red) to the bac by a

GRPR:
ft

edges alo als place white on
the right using the edge labeled 1 fro

So. Again ass1gned an 0r1entat1on to W
be inherited by all edges alo ec WQ
assign these ollo tHe cubes in the
column. Of E ie ed it the opposite way without
causing any at this stage
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BC>( o\
5. 1 X

i) qhe p‘d‘é— V \Ew

N “‘c'% @ ’ , aPts ge comes next followmg h
entafior e cycle in S1. We place blue i

white on the left and red o th Va rc

the adjace ’3ﬁ h e ace whlte in

front re app rs on the left and blue on the

rlght e onsider cube 4, where we place
white in the back with blue on the le
stack now solves theg P
| SC LX)
i D . “ o

will always lead to a

ne exists. The steps in solving InsW
. leE‘ @ ‘KomE ca&ml cube 1, cube ete.

e standard representation EV ‘Ew
e Creat Q Won R
e Create imposed graph S.
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e Find the two 2- 15 Qi k . If these two
lo no en ther lu ion for the given
B his o alnly pos31ble
e Given the two 2-r evious s p7 use them
« d m er to impose a direc-
ntal front to back type W properly.

ThlS algorifljnKalvPR E

DY - PREVIEW....
B%@K: Ei%%\l \ W
E

R

Cube 1 Cube 2
B I
B'\ B

E Cube 3 Cube 4
FIGURE 7.14: The cubes W{&PREV \ E w

7.4.2 Fin Ohl;lOIl to Instant Insanity w gEV ‘fw
7.4.3 Find B’@K E the cubes of Figure 7.16.
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- WA —‘ A
B R
Cube 1 Cube 2
G W

BOO N
BOC: N
QS’T:GLG:&&FV\EW

B R

Cube 3 Cube 4

éwwé
=|lolg|0
=

G
R B R w B W|| w
W w -
Cube 1 Cube 2
B ° ‘ ‘\N
G R
B ‘W B B B B G
Cube 3 Cube 4 \
R R

FIGURE 7.16: The cubes of Exercise REV ‘Ew
7.4.4 Fin F Klor our colors, where there
is no @

ra 5;;1: - 6‘( PREV\EW

7.4.6 Is 1t tha at least two colors appear on each cube?

Download More Sports Betting Books at: www.bettingbooks.org



DOWNLOAD FULL VERSION HERE: https://bettingbooks.org/19

262 Mathematics in Games, Sports and

Explain your a
ar:;? ur cubes are possible? (Hint:
41,472; now show ow s.)
7 4.8 Wh
Bl ow that the superi Wfrom this
sectlo EK ﬁ jo gular'subgraphs.
B@

ut is another elec t e‘aEWr Toys

in 1995 (Tiger late R The game

S(E i{t S of lights start of the game a random

eturned on. Pressing a ligh te of

the ght that is, on to off o vc‘ﬁwng%
BRE

possible from the

exist) of the

the state la
ligh “ are not affected. The goal i
turn! ence the name of the
Note that Parker Brothers ( ﬂ\g e\game
called Merlin ? R companies
also pro¢ “ 4 x 4 version will be dlscussed later.
For s1 dlscuss a 2 x 2 version, as the
the same for the larger versions.
There are two impg sidering
Lights Q“K
E eeds to be pressed no more than 0
hght twice returns it to its ori ‘E
not pressing it a
2. TheB@ ss the hghts does not matter.
resul sing a given set of lights is
has been changed a certai W \ the
locati %‘rg? 1s €ount does not
changB different order, since the final
U

count nchanged.
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_ - WA —
® @L

BOOKT ey
BOOK . AEW

B'@K ights Out grldﬁ ‘Ew
@ !ow! !gie 7.11. Here we use am array
id, with a 1 to indica i o) 0 that
ight is out The a ay e which\¢an also
be mode DK : 1%,

TABLE 7.11:

Q taken by pressing a hght The set

change state is clearly dependent u o

can be in a corner ;@% th r larger
(¢

games) e grid. es a dlfferent pattern

of light these moves by arrays as well. Typica

corner, edge and center moves for a 3 x 3 Lights Out, ga;

in the arrays of Table 7.12. Other s W\\ € array
Perhap K note of is that the

solution tﬁ tt the set of moves that would tur

the presen hts on. If we can ﬁnd the s W

turn the present hghts on f Evsg

out), then ess'and solve the

puzzle Thi he set of lights that are on and
we know for how pressmg that light affects the set of lights.

Download More Sports Betting Books at: www.bettingbooks.org



DOWNLOAD FULL VERSION HERE: https://bettingbooks.org/19

o 1%\, T

B

E‘:QK ?RE ‘EW
K PREV \EW

“Bﬁ Ti2+ T2l +X22 = w
Adding the first a cMg‘nEe ing a
light twi K that zo1 + mz o= 1.
Usmg equatlon implies that z12 = 0. Now,
addmg e 1ons one and three implies that 1 2+
that zo2 = 1. Now substituting int V“"E
finally from equ P
This sy

:E11—1aB el‘lg—mgl—o Thus we C

the lights by pressing the (1,1) light

As mentio app d I'ld owever,
for larger s tools of linear algebra, which
are beyond of is book It was shown by Sutner [41] that
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~ - maw=%
y J /)

@Q ORI EW

ﬁ‘ REany square grid. Anderson
andard linear algebra to solv whlle
man and Weida [25] sol on.
E that elis rsmn of the game as
¢

well

alled Mini Lights Out. Therg iggone
fund 1fference in M1n1 Lights W
graph is more than just aggri ny iscon-
sider &r e bottom edge.

Simil edge is considered a nelghbor of t e
corres ght along the right edge. See Figur
model of thls game. R V

Exerci OK E

7.5.1 Solve the 2 x 2 Lights Out Game: V \Ew

7.5.2 Solve the 2 x 2 Lights O
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il uestiP ‘R ights’ out on a board modeled by
& 1 use the same rule, t changes
at light and all its ne E ted by an

edge),
B@@v lights out on the graph th three
ices Suppose the vertex.
rgue am never shut
B@ act 1t is useless to regpush a
7.5.5 Find a ﬁwmp REV !’EQS ‘hrj can be

EQse we play hghts out o Wn four
vertlces D o d"of the
e ca game. Would the result

longer'?
n v@ vertices

7.5.7 Suppose we play lights o E 0
at i ag as a other vertex Suppose
@ ﬂ hy we cannot win this gam

7.5.8 Suppose we play lights out on a
minus one edg@> dg “ Tt S pose

li game‘7

7.5.9 ;BQou can win a lights out game on a 5-

light on. R ‘
7.6 Peg Gam ? BE V‘Ew
Another @ eg Solitaire. There are a num-
Yy

ber of Vers1o avallable but we will concentrate on only two:
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the En lish board ve E
nts P have fundamentally

E r of holes. At the
ole is ﬁlled with a pe peg may

Each g
bormg peg. The u
e board. We sha seFR
totonly 'One peg, preferabl

e begm with peg selitai
vari i ﬁ mg

[16%es in Wthh 32 of the hol

i
onﬁguratlono esgis sh
hol

onl empty, calle

over elg oring peg in the hOI‘lZO

d the central game Aéme

wi
C

B"‘QV
B
| oo

(A)

oard that varies, aad

oard used Itisp
e mgy (EW
R usual game begins with

s in Cracker

akes them

oved from

ngeighboring
the' version being played.)
y Wg in the
\ Wnder a

dley, 1967. The game
a oard

a ﬁlled

.:fff:.iW

ox \EW

and European board (B).
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The Enghsh board *& ard which has
fou cat corners of the cross
egend states*that the game was originglly invented
b es 1 the 17th cen

prisoned in

the Bastille. H i v;x ce to'confirm this
K P dates to the court of Louis
EQ e several works of art fro erod show
ds, implying the ga E mong the

French nob ‘Rﬁ ‘

“K{ label the holes with the lattice
@ A Y coordinate W‘cer hole

We shall m ke e f n enta hematics
to gainim is g e ﬁnal peg may
fi

ne the followmg addi ble for
our elements O, T,y and z.

OWBE7 3: dltlon Table for
the Special Group of 4 Ele w

- W
BOOKER W

UnderBQs we see that 0 is the addztwe indentit si
0+ w=w forw=0,z,y, or z. Eachel ast r
feature of belng its ow K
O =z+z= 0 W
Another interesting fact ab
distinct no 1 to lement That
is,t4+y==2 e also note and can easily
on ta

verify from t le, that thls spe01al addition is associative;
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that is, for all a,b,c i V ‘Ew
Q v ﬁb +{b+c)
T,

it 1s also commﬁm ‘ wystem,

B\Qe@nonzero eleme Wf you who
know a bit ':R‘Else to'label the holes

2 @KB shown in Figure 7.20. Using
B ct that

\E
c Qnge ﬁs of the lalﬁn board
B i PREVIEW

FIGUREB:<!)>‘I::§JCK les‘ E '\t

Now given any conﬁguratlo M\r E;ﬁ the
value of this_config v adding the
labels of all“ nd g to thls configuration. Under

this deﬁmtl that the value of the initial configuration, with
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only the center hole (\Eﬂ her, the key
bs va ta I?% ge the value of V,
' rat es change This_ followsgbecause for
OV the sum of two e Wreplaced by
the thlrd elem a¥0‘| wo of these
thl
B(@] ce1vable conﬁgura‘m s into one
fo lasses Wthh COTrTrespo or z. But
since our g ﬁ ove does not
‘ must also Yo That is,
E pe st be’in a hole labele n more.
e following result is du Ev‘

nNNK

B goKP REV TEWY,

Theorem 7.6.1. There.ar Rﬁ \Egl pe
r‘ t Engli d peg game, namely

can form
7 o s |EW
Proof: the value of
V can not ﬁna peg can be in only one of
eleven holes (see Figure 7 20 and Figure 7.21).
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However, we note , if the final

i W 1t is also possible

l ﬁ eglat ich is labele st think of

boar around the Y- %I me moves. )

But this contradi GE during the

‘ e /concl nd“the game Wrth only one peg

B Absimilar argument eliminates sifions of the 11
y except (see Figure 7 V‘
BOOK PREY,

We next turn o REY A)E} tempting to

. &ll e able to know the effect of

ic C they are made. We ]‘I ll such

When you logkea & u s V;e at in order to

SO e @ st g in"theé*center hole), you must clear the

to%‘c oy leftmdnd Tight regions of the board i nner.

eads us to the idea of a KE‘ 0 Xs

represent ne P e e e 6-purge is

toc a region and return the filled X to 1ts original

cO

packages.

pos plish a 6-purge, we first us

4-package (see Figure 7.22). V‘E

There are suchPB We next
show 3 gela ge ( ure 7.23).

Probl 7.

1. Write out the series of m \Ew
o A 6-purg K P tv
B0

With the aid of these basic packages W W*EW
the central peg puzzle ‘ uti

qtherds ), followed by three
followed by an L- purge

#the final jump to be made e
numerical order

Py

Problem 7 0 es mvolved in the solution
to the centr z m Fzgure 7.24.
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N VY
(i) L (iii)
®
Bc X X 0 0
L BN BN [olN N

%GUREB%R@J IEW..

B " s DD F\’ ‘V)Ew

EX : X
0] 2L DN

&%@ OhtpR EVIEW

n peg sohtalre version is played @%E%

angular board, Wlth 14 holes ﬁlle w1

are determmed b e
The cla t can be found at the ta-
bles of st urants Another feature is that this

uzzl
is amenab e to exhaustlve computer search SO
students have programmed sol
To disc th rd aF enlent to use a
N

different s amely, we w1ll just attach a)
alphabetlc to each hole as shown in Fi 25
pegs are determmed by the edgeg, of VT Figire
7.26.

We first a \@ SS
peg, as we d e
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_ -l—‘

[y

- ® @ O

M

—— —N

BOO‘s > \N
W

pFiee - -
EBQ D &«age solution to&e‘rr‘ EW

0] AN
FIGLB eled triangular board.
similar to thate t V !ﬁe answer

is yes' t d before, in that for any move, the
sum of converts to the third label Thus, the v
board in the standard initial p051t10n of e W
ve al nd s
o 5 d t

ons artlng posmon
e there are ﬁve such holes and n

Theorem 7.6.2. manp V \hi one peg
in one of thB na ely in one of holes A, F,

G, J, or N.
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BOMB NEW

seful for the Enghsh board

@ nce thls board differs ¢ ape.
e wl demonstrate one ﬁ V eans
al

jump from hole 18si e‘at hole A

int

Blon for the 15-Triangular, V

D gt OﬂK Pm C—J M-F,
then B

+BOO0K PREV \EW

A-D,D- E w
S 1 p0551b1e

Note therB G@ 14
Exercises: ? EV ‘Ew
7.6.1 Find @ Q Kce 1 game on the English board.

h

Are th er solutions that are easy to find?
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7.6.2 If we begm a g ng *ﬁw hole (0,—1)
le a final smgle peg7
duc

B’ g; If we begln a ga ‘vEWsmlon 1,2),
' e t"? fo a final smgle peg? Can

Suppose we start € gﬂ \ﬁ oard with

o o FR g must be if there

tiomland the two open holes are labeledjx and y.
e two

open holes are 7

7 6.5 rlanPB.ml y the lower left
hat are the possible positioms for a
ingle peg‘? Can this hst be

ed \
e lower right

7. 6 61 guP

at are the poss1b1e positionsgfor a
e Can this list be red Ew

7.6. 7 Flnd a so R gul ‘r h*the lower

t th star

7. 6 nd™s solutlon for the 15 pe Wwer
right corner ulﬁl d F

7.6.9 .’ alne on a 15-peg trlangular board

7.6.10 ﬁ@ the solution to the Enghsh board ga
in Figure 7. 27 where the open hole isat | W

4 pper hole unﬁlled

7.6. 11 %e soluti ng ish board game
sh here the open hole is at locat10EW
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B@ omblnatorl 1
Combrnatorlal g ame t ave received
K [30 [12]). A vast

on
g de eloped far more th r here.
goals shall be a bi entrate

it les
on a number 0 ental le rn directly
bit of thelge heory will shp in along the

In general combinatorial g V‘ eglaltcondi-
800K
HB e just two players (often de Wht)

There can be no coa R
a 3 ynBy ositions pos51b1e and often there
13

starting position for the game.

e There are clearly defin v‘ oves
thBeQd" t 1t1 n.

ve alternately. Who moves first may
game to game.

e The conv .K PREV l\l 1S called
th

° es are such that play W111 en Ew
able to move, so n aws

e Both @ pp 1ng, that is, there is complete

inform hence, no bluﬂing

277
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e There are no ch o r rolling dice.

K erglare rnany games th this class.
ith a very sim le th lead us to
the heart of co b ato E

e @ Games
partial game is one Wrom any
given position p of a simple
3 . | game, c e followmg subtraction game.
ere are two players: p ‘ re w of 17
ips. § 1n on 0 or three chips

A ‘so

' ernate moves, startlng with player 1. The first
i ove loses. w

his snnple garne can v strategy

for 0 se t en = 17 game

fro 1ng

Cl ere are one, two or three chi
next w1ll win by taking all.the hen
the pl is f o or t ree ch1ps on

@ @ e next move. If there are 5, 6 or_7

the t
chipsge pile, then the next player can reduce th S
and ensure Vlctory With 8 ChlpS V‘E
or 7 chips in the pil

Conti ‘g e s at when there are 0, 4, 8,
12 or 1 he next player is doomed to lose.
these are winning positions for the previous \W
On the other hand 1, 2 m 17Nar
winning positi K 7? -positions.
i : r just those that are a multiple of 4 whi
N-positiongsare all"other positions. In imparti ‘W
one can find (at least in prin W‘l
which are N K

ing

It is eas ’ trategy is moving to the P-
positions. -position your opponent can only move to
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an N- posmon Then r&@ﬁW& P-position.
Eventua K @R o chips left and you
B ple subtraction ¢ Wnossibilities
i n bé @ Rﬁ any chips you
: K ies. This set of movr is called
8.2.1 Suppos e a E¥ E traction set
ék roper strategy for this game.
8 2.2 If in the f\?EWpe, then
M‘mo e the N-positions?

8.2.3 If there é ndPBsEV \anwhat

8.2.4 If there are 33 ¢ V ‘EWOHS
set

8.2.5 5808 Game: from the 28th USA
n i
iting elther

1999.) The board consis
Playe
an layer Who ﬁrst completes SO

in c quares wins the game If the

SOS appearlng, it is a tie. 1

(1) If n = 4 pla; square,
show @

(2) If e it the ﬁrst player can win.
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Q@undamen‘ca “ ple subtrac-

tion gam R et ly ed by Professor
‘ arvard v in 1902 10 Howevelg the game

much older. Only m ral impor-

ance of Nim in COEbIP RW}\ e shall see

tion of any people ov year§. Martin
entions a numb ic t in the
t notable of
nd weighing one ton!

E is ‘played w1th plles of chip atches,

p es, etc. ) Players altern S )& ositive

number (at le dp ip xactly one of

th ﬁ‘ c ove loses Thus the rules are
a

tr e has mﬁmtely many starti there
can be any number of plles v er of
chips in e r atter what
the @

y askmg a couple of basic q tE
Questlon ] te PR in\this“game in advance
assuB @ full“information assumption)?
Question 8.3.2. Can we determine W
any given position? P

‘ KIOH we need to define some notation.

Befor
Suppose aré®at a position in a Nlm game where there
with p; chips in each pile (i = 1 2. QWI‘EO

In orderBQe p;ay in a game, consider lo
Suppose player 1 is in positi ‘EV\
removes thr urt ill¥ describe that
move as Q
,1,2,4>1 — < 1,1,2,1 >5.
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That is, the first positj R gEWld the result-
Cosits

t co

D3 ppose we are playing three piles
, 1, and 2 chz;s ﬁ zl

n who moves first. Suppose for

st move ﬁrst Also sup
e c 1p from the third
ulva,lent to

this p re n@
BQQK< 1,1,0 >, —< W

Thus, player VIE‘ has no moves,
% e %ually represen

3 3 0Qr ove by
er 1 actually determine 1stake
If 1nste‘ rem e \¢hips ree, the game

<1,1,2> — < 1,1, Rﬂ ‘E}W
‘n& ch@ices rst move, but now player
hus, this play is the su e‘oE
From thls 96 ’ 1 aSsP RE ows'exactly the best
0

© 1 removes

. From

move
It i 1s

uld note an 1mportant fact. 1 W
ample, once player 1 had removed
the game to < 1,1, Rﬁgzl Player 2
had to Q onl one hich player 1 would
completﬁ ' ter how large it was. This observatio
generali in the following lemma. EW
Lemma 8.3.1. For R/EVL r >,
i=1 or 2 er
Solution r are only two nonempty piles W
same number 7 of chips (r > Pla E ‘
of chips, sa; K ? copies this move,
taking x ch;&@ he
player ¢ is ¢ with essentially the same problem. Eventually

ame 1s now < r—x,r—x >; and
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FOOK PREY ik

Now we make our ne ‘I&W ends when
551g e to this terminal
thisfas

there
‘ ' zero position.
§point that Boulton m to assign
Values to all other p %%} S a base 10
€ Cco er'bas owever, in order to
tra gy for Nlm we mus s et base two
b 8. La er 1t will also ser number

bases, in additi P neral result.
@ positive mteger gre . n if m
1 ositive integer, zt can be ex V

BO F + + aib + ag
1S @ nonnegative integer a EW}e in-
tegers less than G P

@e = 2 and hence the a;’ or
1 e base is 2 we someti EWW@/
representation for ber 1) ool imder of this

; v C &‘s t base we are using when

Example 8.3.2. Represent 371 V \Ew
3 number. K P
SolutimBQ epresent 371¢ as the sum of powers of 2. W

_"BOo%P REVIE

Now as a base 3 number weghave: REV ‘E ‘ ‘
hence, 3719 . O
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‘We note there is an r\hEW (or base b)
IK d this algorithm on

s RR{EX‘E

010)8 P‘iEV
D ook PREVIEW
ook PREVIEN

ook ¥ REVIEW

Hence, readlng the rem:;nd V ‘EWthe

base 3 repr =11

a base 2 (or base b) numbers as

dition one exactly as in base 10, excep w
allowed digits for the part, rb EV*
sums bg K

For e
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BO OK PRE 4125

B}@‘%@ bP ynd the sum of 100101002 and

VIE
HOK PRE
BB()OK PR@ME\#‘J
0OK PREV \E

Proeblem 831 Use base 2 _addi naxt &/EW and
110011, anf 100 co ber.

Problem 8.3.2. Use base 3 additi 1\1E1Wand
221123. R

Prob 8. ; 3. Use base 5 addition to fin

numbers: 23345 and 101 nd

base 10

We ar w ready to see how to play Nim correctly. E
Example 8.3.4. Sup g \positi <‘, >1" for
a Nim ga % ass 1atéito ame position? How
do we dec be any given time?

Solution: With each pile we ass 1at VI& hips
in that Pﬂeg, ﬂ %e ned from the

2

Nim sum, d he piles. But we do this Nim
sum in a sp
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BOOK RE@ = 1012 '
&‘ RE\ game < 3,4,5 >1._ We must

B our first move. We ¢ (binary)

resentation for the va,
Now e v R on t numbers which
ithout rying dlglts to th Xty column.
e the columns mod, ue 010,.
ote that Nlm addition i ’& mn and
P even number of 1s in a
is 0 and it is 1 other puter

S

is called the exclusive jon a d
Our p cord R 2, Wthh is not
O goal is to put our oppone Z€ro

nt into
o eventually leave them
ut 1nt0 a

termmal posmon Before we
losing posi SP\ nnot avoid the
ter @ ﬁ e\ca at if"'we can remove ChlpS from on

and im sum of the remalnmg pil ea
P-position). In our examp:i é ‘|
BO O 19 = 001,

Se\EW
oK PREVY
BO EW

Thus, we get a zero valuegfopthi V
board). The g K ? matter what move
our oppon nt @ Sult d will have nonzero Value
is because gemie column of one of the binary nu
thus the parity of the numb "EV
longer yieldj K 9 ove when the
camot

board has n e empty. Our goal will be
to force our o always play from a board with Nim sum value
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zero. Thus, we will a onzero value.
Eventua ro V. t will be the empty
us continue Wlth ‘E oard above,
say our o trem le reducing the
ﬁ y removmg three chips from the

ond cmg the game < 1,1 V alue Zero.

urther, since it is o mma that

we s
a; D @ ’ ov When faced with did not
No matter what their able to
e ga

return them to th
K sitions y to N-

posmons n turn
a -p sitions. W
.3 | rminPL o owing game:
e game < 3, 3 7 8 >9

1 e ﬁt‘t PREV \Ewgm

Thus, t a d W1th a zero board and should lose.

In the'sécond game we see the 1n1t1al board W
This is because the two piles Vl
leaving two dist ? learly their
Nim sum él' st player will be able to me W

8.3.1 Poker N
An easy Q led Poker Nim. The rules of the
game are e same with one exception. In place of a move
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requmng you to take t the piles, you
: R le umber of chips that
( i moved fr e game. Clearl ility to use
optionfdepends upon how rn ip dy removed
and how many of P
Br al strategy for Poke W
8.3.2 Mogge’ P R E
:@ ) lex Wariation of Nim is calle im after
Mbore 28] who suggeste ion here
is that upon yur youl E ositive number
for The amount reduced in
rly, 1 is just ordin s Nim
e d noted NIMk v“
T e re is iPiR generalizes” to
'r d is'as follows:
e Find the value of each EV ‘ Ew
K berslin

1 without carrying digits,

d1 on is done mod k + 1, and YG‘E

° Move to a ID@K
B im we did addition in base 2 = a e
dld not carry digits. Thus, the strateg lizatio
addition rule. P ﬁ
Exam @ eK aying Moore’s Nim with k = 2 and

a boarde piles , 13, 14 and 15 chips. What is th
REVIEY
Solution: Jite rat? ctly as in Nim
and first ﬂ 2 for the number of ChlpS in eac
pile. The our second step is to

base 3 (clearly usmg only the K %V ‘vv bta
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0
0
14, = 11102
B Ps 157

BOur third step is to re om \ﬁ uch a way
as to n do in several ways.
moping rom the plle of 12 chips. If we
sum becomes
E = 001 19

EW
00003

@QKI (wgnent in the NIM3 Zer we
play in ordinary N1m Simply ¢ ent
back in the NIM;3 zero po DE shiould
be cl ‘ sum, must make a

move most k of the values have columns, that

Chan \ij
We also not an that are
equlval i er than just two identical

piles, a here k= 1
Example 8.3.7. We are p, V%ﬁ W
best first 6 is pzl chips.
Solution: B ed as before in finding the b
the chip counts. v

Now it is OSSIP“ duce the piles of
6, 9 and 14 %' @ hent there will be 4 piles of 5 chips

0

each and in ur sum must be zero. O
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0

OK PREVIE
BOQGW RE@‘E“

N ort play V xg\as one white and
ch W 1gure 8.1). any one
- ar color to another em;EV ‘ owever,

you may not ‘umw If you
B W A | :

BCo, O,
B( S O . o w
B O . ° :— w
Un v
FIGURBM L N \I\EW

ProblemBGt@Kmt! for Northcott’s Game.
The Silver Dollar Game is play, V!? ares
with a finit , silver dollar (see

Figure 8.2). arate square. A legal move is
to move a c eft towards the finite end of the strip). During
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your move you may n o in. The game
en as appens because the
ed t t nlte end of the
_ - v :\’ ‘ ‘4 a ‘

B(L' o o o |-

LV 4 D~
B' lver Dollar game. V ‘Ew
B@Q&"mi a strategy for the Sil W
There is_a ft Rg ch one of the
ﬂ ars y placed among the coins on
th N© t end square is replace V‘E\w;nove
ni

e to place the left mo done
e ends with

moving. Whe . 51 dol infth

the E Q 1 la in"the bag the loser The other

pers ‘D ag as the prize for W1nn1n !

Problem 8 3.7. e hink

about b rtmg for the rzght most

coin.) w

Exercises: P REV ‘ E

8.3.1 Fﬁ presentation for 331, 1819 and 541¢. Find th
ba and base 5 representations for 67 \ W

8.3.2 What is pO We 1P E

8 anB

8.3.3 Whieh player should win the Nim g i es/of12 W
chips? ?ﬁ

8.3.4 Find &IQ mthe*Nim game with piles of 2, 4, 6

and 8
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8.3.5 F1nd the base r t II‘H‘AE numbers:
101 111111.
thelbase sum for the sa
nd the base 3 Ni ot
) Now ? tt
@Q‘K from the previous problem, whatgs a proper
e when W

E 5 7 Given chip pileg,of E%\d W)est first

QQ of size 919 and 5610 , then
What is x?
Bﬂmﬁ% Pw x

8.3.10 Elght ver t iné. Two
awing an een two consecutive ver-
play to orm a path on three vert e ow
t player 1 has a Wlnmng str E}W]ges
if there areﬁk

CBEQ mes in yet another way, as dlrected
Th1s is done by associating a unique vertex 0 a‘% i
ct d edg

possible posmon of the ga f
from positi
vertex cor vertex correspondmg to B.

Example 8.4.1. C’onszder the subtrac ‘ W
a pile of 8 chips. What g esp

10 have a N1 m sum _of Oq,

e from the

Solution: 9%Rrertices, 8 from the pile and 1
representln P y pile. We label these vertices as 0 to 8. Then,
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1% tiévm P FR}E_M\&!}N; i
ownlin Figur O
M"Aﬁ

B' graph of the subtramv‘zEw

‘k REH‘S (V,F
nd F' is a function th

set C V, called }n i
dlrectly adj %R

tirfeshcs ] s or\chil T. If F(z) is empty, then x is

the terniina fion.

e P- and N-positions i Va\ characgerized
inductivel QK P

BG -position if and only if all re IN-

positions. V‘
° et % KsﬁPﬁR if 1t has some follower
o B o
The 1nduct10n starts at the sm ﬂkﬁw
which are (va tlon out this

later.

Examp Conszder the subtmctzon game ith
vertices. Fmd the game dlgmph for K ‘
Solution: B @‘

8.4.1 Sums of Games M ‘Ew
In this se ral ing games to

make bigge 1 and G2 are impartial games,

then their su 9 is another 1mpartlal game played as follows: on
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_ -l— A,
0 1 2 3 4

B" Kdlg RE ‘ ,3}.
each turn one playegcho EM EWhat game,
gl o Kz ched ame ends when no moves are
(Vl, ) and G2 %) Wheir sum
Gsum = (V, ﬁﬁ ¢ Set 1s defined
v, ’U2 ’U1 X v
Thus a move 1, v2 V e indi-
vi
ion ga,mes become more
ty with several plles The ames.

One mlght natu positions
ﬁ v p ay G1 + Go properly
e ough We need to gener

i
thes sitions, which is known as th ‘E
8.4.2 @ @ -Kmd tion

ze game digraphs through P- - ions
as before but we need more, for e‘ er \device
called the Spraguc ncthv enerally tell us more.
Before i1 ﬁ & d a other definition.
Let ...} be the set of natural numbers. If S

subset of NV then let mex S be the smal EW
(the minimum excluded _yalae thaP ﬁ
O,Km )

Deﬁnltlon 8.4.1. The Sprague- ru % &E
a function sg defi akm €s such
that QQ

x{sg(y) : y€ F(x
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We should note th \EWG is, sg(x) is

ollowers or terminal vertices
inal wertices = all of Whose are termi-
1 an

SO forth
opks el bounded, which
K F ta t at any path to a terminal
e unded by some numbe limit our
‘ ention to game graphs of t ‘, cycles are
more comp K there can be no
Q e- rundy function

ositions
respond to positio s are IN-
ositio, Q de nlt ns
Q etermine the S mg Whe sub-
tmctzon game with j g ?
g

So

raph of Figure 8.3 we se aty veftex 1
ca to vertex ( Wthh is the t w
Thus, sg = 1 A s EV dsg
But e t K ? so by the mex rule
s9( sh below. w
 PREVIE
BOOK 1230

ThlS process

The SBQ Qunctlon satisfies two important prcﬁw

Theorem 8.4.1. P
° VerlB@ @ Kan only if sg(v

e I[fG=G1+Gy andv = V\ gw
theszsubQ P
B v —sgvl @ sg(va).
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Laskar s sz ThlS ekE askar, world
R as follows Suppose

an number of chips W
( ) Spht one pi R les (with no

".4. Find the Spm ue- “E ar’s Nim.
Solutz n.: ti he one pile game

e followers of 2 d 1 and
S prague—Grundy value €B 1=0,

ence sg = 2 ilar . ip 2 as Well
ve v and so s9(3

ﬁnd that Ew

19&5\1

BO @ 124 5 8 7 10 ’ '

TheBrOlQ This game was intro
H. E. Dudney. V‘Qﬁ
Two bowle fn P) he players
are g ' ock
two a le"pins. But pins are spaced so that

wn any single kayle pin, or an
better than knock down two consecuti .
no pins to knock d R

An al h1 ga e the game is played
with pil e llo ed moves are such that you may rem v

one or two chips from the pile and then, if you

pile into two plles These correspon tWO in
and splittin or e pll ocked down
were in th of the row.

Example 5. Fmd the Spmgue Gmn 0 eEW
Kayles.

Solution: @ n i a row of no pins. Thus sg(0) =

0. One pin nly*be reduced to the empty row so sg(1) = 1. A row
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of two p1ns can be re \1&0 no pins, thus
P uc ws of 2, 1 or to two

s, sgf3
a alues the Sprague-G Ws are shown
belovv The vak P EV‘ every 12th

(Kmpartlal Games w
Recall that an i ia V t tions’ for the

t s section, we state two
imp t1al games See

[12 0 these
ese two results show t t such

e Q e aEa played wzth a ﬁmte collecti
..) in the follo ects
just one number and st'rzc y CF dec
riles o

games.

number zs : ; so e increases may
also e the game are such as to ensure

that t ermmates Then any outcome of an
the same as that of the correspon my
A sh aDK sitions possible.
d

TheorZB (Grandy’s Theorem) Each short zmpartzal

equivalent in play to some Nim heap.

Exerc1se§ OK E

8.4.1 Fi e Sprague-Grundy function Y w

8.4.2 Supp ctloiPr{R ou must re-
move @ at'ts the Sprague-Grundy function
if the ch1ps'7
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~aw=\ Al

8.4- hat is the Sprague- on for, h\Ea game
with me chi

us problem we change S to
what is the Sprague-Gru !
‘.K P\ tr ction game with

8.4.6 Consider the subtractlon game £W
even number o S ne’ chip.
Fi ctlo game
8.4.7 ( Game This game is played on a Stand
d1 go-

board. Players take turns movin

only move Vert OR

nallﬁw‘; , een \teac ower left corner, the
ea

Sprague-Grundy function b t

valu ch square of the chessboar
4. 3 i instead of a queen.

wn or horizontally to the left.
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8.4.9 Suppose you ar i is the correct

BQ QK\A are playing K the second
pin is alrea \
WPRE
@ @ nin at is, which pin ld knock
¥ -pREVIEW
8.4. p - S uareer& traction game with S = {1, 2, 3}.
@’ of three games le off4, 5 and
nd the Sprague—G n E
ME c e tra er les are, from any one
“ ove ny even number of c d it is
e entire pile, or the w odd in
number EY
pra ction for the one pile game.
&@p me 1S played with three pil d 15
Now find the Sprﬁ_REV ?w

BQQK
> 2o-PRE A

another combinatorial game call
Red H aeéke . The board for this game is a

finite blue and red line segments %ﬁe
is a connection ?R ayer ernately
remove ’ er is blue and one player is
red). olor is also removed provided it has
d1sconnected from the ground. As usual, the
loses. W

i S - n

‘We nex ner somewhat
similar to im plle had a Value and the
value was sum of the p1les Here each

have a value and we can comb o T l

value. A p te a ile'a negatwe
value 1nd1caBb‘ at we shall see is that the
values in H can be much more general than those of Nim.
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- WA —‘ A ,
®
T
[ ]
r r
.
round

e p&E)L
Bms beg Witk PREV\ED\M for e

Q‘Q@ Given a blue-red Ha Figure
8.7, which player will P EV ntage¥for one
‘BOOK

‘ r
ground’
Q W P
FIGLB e-red Hackenbush example.
Solutiong ﬁ & st t EM !ge is removed
em

and the ved as it is disconnected from the

ground. ue will win.

If red goes ﬁrst red removes the tﬁ
the only blue e FR ty Boa loses.
So agam s a lelear advantage for the blue
player i 1n

But how big is this advant E¥ \&
test this hy K P tage of 1 in this
game, then ﬁ‘ edge (see Figure 8.8) should
balance this A
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T

BC I
ground
LVyiE=""
” he one edge advantagE
% g EMII‘ remove the upper red
fr blue Then blue e ne edge

red removes the
empty bard
Q es rts hen lue removes the

nly blme edge
al E] ed edge. Red removes Again
blue faces the empty b 1t e case ow has

round

th V' t co bl e advantage in the first
h as 1 Hence, it appe bush
ave ractlonal values' E
.. mDE\/ ‘E
Q r ‘ \‘— - -
FIGURB or the value 1/2.
zero, that ntage to e1ther color.

But vve st111 se ample 8.5.1.
Let ould tage be 1/27 To test this
hyp * € mple below w

I r
'\

If the original & 2 - ue w. EMl iéat game
and one c @ re ed ge together should balance t

To test this hypothes1s con W
then one bl ~ e ar d removes the
remaining u - o s 1ts ast edge and red removes
the mdepen ge. Blue faces the empty board and loses.
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If red goes first, re s, say the left

p n also the red edge

' ow es the red 1nde ge and blue

removi g the left most bl pty board
and loses

e dmg only on who goes first.
@ aye won in each case. me a fair
ith game value 0.
We now &E game should
‘ i con red advantage to an egual blue
onvert a blue advanta

‘i €
Probk@.% aPR hedvalue of the Hackenbush

FIGL@G @W@P REV‘
As we think about the values a aim E
need better meth o lues and
testing B rovel increasingly dlfﬁcult We need an
p1 : e

algorith nbush strings, that is the s1mple drawing

that stack one edge after another, to their nurn
this we make the following_comven
Left) adv: .Kval Ri ht a vantages

To acco e more extension to our nu b

bases, na to€ pand fractional values i 1n ba,
to be a natural extens1on of the
representati Q

+ap_1 x 2P+ a; x 2+ a.
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For fractional values, ‘ 2 to negative
val K
6 b 27 4 by x 272 X
Exa Kmd? T’(EMZ he'fraction 3.
‘ e integer part of ou arly zero.
simply need to find 2 . We note
that P

BLQ%@ AL e VIEW
 OGKPREVIE W

so that K @ REV ‘E

Example 8.5.3 K REVf‘g

SOZ-B eltepresentation we con51der the i

tio arts separately, then we ut arly
tlon?a

210 = 102 Now for_thegfr
1x = —|— 1x -
Thus R V‘Ew

Q v
Puttlng ieces together we see that the base 2 rTEW

The following Hackenbush conversion al
E to an equwalent valued blue-

- BB@@K»

red Hackenb
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Solutzon The first st e integer part
of he a H Rs“ 1 tlve the conversion
he rst attached to the groun eq Figure 8.11).
e the conversion o al ndicate the
part of the str gahat m attach a blue and
K ave already built. This
| e is a ﬂag to indicate_t int, not a
al point as we are Work1 ‘E

“@BEQ(T}K Py ‘U
Now we attach the fr n ¥ ‘t sing
a blu 0Q ' ] Kl“ strl e edge to 1ndlcate a0
in the of the string. In our case 2

S0, 1gn e ﬁnal 1 we attach one blue ed

8.11).

We n ad e tlve we would follow
the sam rsmg the roles of red and blue. Thus, w
must al keep in mmd Whether the number i

Example 8.5.5. Fin P
Solution: B@ r is negative so we reverse the
1s&s ‘

roles. part converts to one red ed

is then mdlcated Wlth one red e
the conventj the fractlonal
part has a b e Hackenbush string thus

obtained i 1s gure 8.12. O
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BQQ ackenbush string f
&m; 1& ined to form blue-red Hack-
altie of such a game is jus values

e in ependent strings.
QFK P ac enbus game shown in
on: We apply the Berl 0 e ‘\EWIHOS‘G
strmg converts 'Khe ring ‘€onver —13 5o the
val ‘ @

ExemeBOOK PREV‘EW

8.5.1 Sgéh@fth folK PREV \BE.UW
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B 3.@ Kkeru! EE ‘
wil asvGreen Hack-

A s1mple varlatl
tlon e ges (possibly all) are
' an be chosen by elthe erpatlany time.
esefgreen edges can create W& A very
sunple example i ﬁ& re’is only one
R‘ th yer w111 remove this edge and
eof a combmatorlal g t player

ﬁ@l@&? !iackenbush Trees w
gbut’ Nim in

We have seen_th EV&
D - K igina that Hackenbush could be
a . In this section we wi type
ckenbush diagram we ]E
Suppose we h réen RE ot d (to the
gro ‘@K:Ies nd all edges are green (see Figure

B oK PREVIE

(a)
FIGURE SB Qn ackenbush trees.
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As before a move d any other
dge ince this game is
eorem 8 4 3 t uch tree is
Nim p11e But W seek is the
Sprague Grun value

[ ﬂ ! use he owing pr1nc1p1e
D ent Pr1n01ple ackenbush
tree meet at a v t ith one string

Bﬁ e amounts to Vlewmg as indi-
Vldual Nim strmg t elvesiy A example
ree t ’
md a Nim pile that w Hack-
enbush tree of qur 8416 ( P E
nch

S e at vertex y, each with on dge

Si 5 0) v e may snnply delete t che uiva-
lently, replace them w1t x
e areP each of length one.
delete

at

‘ , leaving a smgle green dg
valu hus an equivalent Nim p1le T
The previous e igfquitaea derla volved
sfcua'BQG

E Find an equivalent Nim pi
tree of Figure 8.16 ( BéV‘
Solutio I@l ch Ptl at vertex a has two branches,
one of 1 d"one of length two. Since 1& 2 = 3, we_replac
those branches with one of length three (see Fi w
Next we consider the br V ngth
two, four ~ % P, wo branches
of length B‘!
The thi ep'is to reduce the branches roo W
they have lengths two, three andyone V
delete these K ?
Finally, E’ a
rooted at d hs one and three. Since 1 @ 3 = 2, we replace

t vertex d. The new branches
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OK \é REV

; :

FIG&: 18: Step 2 in finding t \EV \Ew
these chéf length two. Hence, the equlval t
Nim act y three ChlpS

Although there ar igues f l ex'green
Hacken efer 7 for more on the

sub Ject

Exercises: EV ‘Ew
8.6.1 Ap I”\ ciple to ﬁnd the equilivent N1m
for e green Hackenbush trees in Y
ial"ho

8.6.2 You ean R ard consists
of theaB] Find the best opening

move
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B 8.21: Another EV ‘Ew
%@1 green Hackenbush a e 8.21,
he best opening move

B(' 'Wke sh Rmit‘ls a first player wins
8.6.5 Create a green WenPR V ‘EW wins

» @ |
W
In this section we will take a more
games. ThlS is the 1 La ‘E
A ga in sets o e
game G

66“1 PREVIEW

where GL and GF are sets of g V ‘IEW
due to a move fro e) orR

The end %U
{o1or={1}
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in which neither playéﬁsRﬁV \E} s\game 0, thus,
QH

ackenbush gaﬂ?ﬁV* W
Qnove by Blue (Left EWhence the
Zero game ﬁth as value 1 and

Slmllarly, P
BOOK pREVIEW |

.\K s to the zero game For
ex&\ ush game with one green

at this is a ﬁrst play ‘E

We have § w vR%a other games
Wlll of these our types are shown in Table

on s to one of these four class

.1: Pr 0! Types
B AMES NEGATIVE GA
B ‘ ) LA w1‘ or red ) wins

POSITIVE GAMES | FUZZY V‘Ew
Kw ! irst player wins '

Other valB‘ QK &e consider some of these now.

For exampl
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lengush game wi of one blue

dge was such a game. &E board, that
is, the Whll one blue edge, hence
, so easy to see that EV \‘E \h’
Q gackenbush game wi W e’s edges
i

as an exam pl o blue edges,
‘Kt s to remove the middle blue
h one blue edge, henc e 1.
no e that in general gvy‘E

BOOK PR REVIEW

{

.Q number ) can be obtained by,repers-
ing d right game optlons w

. geBQQK ) :SIEV‘

WP REVIEW "

G+ H={G'+HG+H" W‘}
As an e &n ?R {12},
then Wh&t‘ﬁ%@ ition above

. gOOKPREV \EW
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-‘1@ of Eur asses of games in light of who
plays in Left (Blue) and nght (Red) ari!‘aEW

summarize what is in the table, w
the player with the trat
B Q eEn always win.
e G <0 or (G is negative if Right ca ‘E
e G= 0 or i. eco aﬁw

e G Q t the first player can always win. W
As a note, the game of gre n re

edges is an ove removes
the green e T 1 es. here are clearly infinitely
many such g t the fuzzy game in Figure 8.22 (b) is the sum of

Download More Sports Betting Books at: www.bettingbooks.org



DOWNLOAD FULL VERSION HERE: https://bettingbooks.org/19

Mathematics in Games, Spor‘ts and GZ:Z

" 6Dw ngREb \ﬂm Ry games,

afuzzy games. We not&? & ¥ ‘ There
are eno R e the first green
@' ond"green edge and wins.

itién o games presents SO r Wn more
unusual thlngs are pos V }+. This
a nu can certainly add * to

an@@ eﬁmtlons we see t‘htw

@Q pe f vaiue occurs so often that we, gi

the at is w

Note 3®‘Kdm5y cRﬁns as you would write 41

instea W
Suppose we agam con g ve a

green is game is clearly

imparti o s ‘are avallable to each player. The chams

are just les We will write *n as the value of

with n edges. Note, this is exactly li r‘

using the definitions, w

*1 = *0 | * 0 } = V‘ Ew

%2 = |

n—l
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These spec1al value ‘EDWimportant to
the sarn pear on both sides,
@ @ partial*games. w
Exermses P REV ‘E
Bi‘:}!r\(}’ 5andH—2 ﬁndG W
8.7.2 Suppose that,

@N@K *1| x0, *1} and 01, %2 | *
1s the game G1 + EW

8.7.4 @( ll ga REF

ga for all games G and EVXJE

B QK
D the definitions of this secth‘EW
8.8 More about R ‘ ‘ q ]
dln n

In W s and using nimbers as
values for e we con81dered Nim, we a551gn p esfla

numb alue based solely on how many c
we never really assigned the Ev value 'on
a Nim C Kmm ot fit in with the
values (B’

When consider a Nim pile it has a fuzzy value
player can remove the entire p11e Is ‘
to a zero value. h zy
player m 3 em ks ply the followmg
Propositi 8.8.1. In a three—pzle Nim l W
equalizes two heaps or wa?ﬂﬁE

But now, ' values for such games. Clearly
we must ad dividual values for the piles. Suppose we want to
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add *5 + x4. What i RE hat, we must
QK beeause two equal Nim cond player
d thus has value O Waking down
and 41 1n bin P R
1=2%+2%and Ew

@ a ZEterB we cancel these ke equal
acing them Wlth 0. 0 =1 as
e sum of the remaining

IK x5 + *4 = x1. w
Example 8.8.1. F he P V ‘E
S ”K befére with blnary expansions.

BOO PRE2’2+21+20 w

, 23 ‘Ew
QK 23 terms which cancel, and two

Wh1ch e are left with the sum 2! +€V[‘ W

Example 8.8.2. Fin EV ‘E ‘
Solution: @I s E;me Find the binary expansions f
each term W
13=2%4+224 420 EV‘
14 =23 422 P

=23 4 2@'@
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B ementary Se W
Our notlon 9 ht m‘counting the
riou ope t at one can perform on sets.
llection of obJects calle t§ can be
be as a snnple listing eﬁh cribing

the set 1 al ter s is called the
I ] 'by

”B(o dwing are examples of setREV \ w
BO OKred white, blue}
a deck Wyl V \E

AllBQve are perfectly good examples of se h
very different from one another. V
which means the xed?iR ents. ourth set
is an in “ te ififor integer r you select, the set
cments.

contalns The third set is defined by de tien
but it is perfectly clear what its members are t ar, s

deck. The last set could al
positive i w ﬁ on o e ns umque
If A and e ment of U is an element of A4, thw
su

is a subset bset X of a set Y is a prop
elements not contalned in X. H

The sam |Krs:11 E n problem is
posed. It cpﬁ! O for the given situation. The
sample spac lly denoted S.

319
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LetS {1, 234 'llﬁn set of S. We
T 3 an t of S. We denote
G canjnegate any shorthand b 1 h gthrough the
number 8 is not a reviated by
8¢ S. V
E ould like to be able to ma-
ROOKE
perations.

s. To that end, W‘EWOWIHg set

For a K P"R
B note A union B lements
m S that are in theP E ‘ sets (see

B@‘OKHO‘GG A intersection B, i of all
elements of S that are a i e

cth 4 % &e spél ent, which is the set of all
B re not in the set A.

Example 9.1.1. Consid QIE’ {¥,7,8,9,10}
and ‘ = K £ a d

Solu {1} because 1 is the
both sets contam

Also, R
Q @ {]‘ M M M M M
es

Wthh et of the elernents contained in_on
The complement of P (or V‘

but not in the
{2 3,4,5 6}
oK iﬂREV \Ew
Natural t one operatlon at a time a
mix and m to our heart s content. We

two sets.
Example K =0{2,476}. Fmd (PNQ)U
(PUQ), N 0 UP, and P.
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Solutzon We see t VREV *Ew& 7,8,9,10}.

swomi‘ﬁé REVIEW
To S K PREVIEW
89,1051 {6,7,8,9, 10\1wa

Thus P
@K91}U{23456} W910}
Flnally, fronéWlOPCR V‘E

.Kl t g¥510n8 on sets of num-
ber r of sets comes when we

descriptive meanlngs For us th Wi ‘E

tlmes in sports in E

S
i @ be a standard deck of
playl ethe set of aces, H be the set of car
hearts C’ be the set of cards that are Cl

The set A ﬂ H is the a
of"hearts, ace of clubs}
Sets H and C have no elements in common t w
It may also be very usef o m
t

W en
ploy Ven ram equahtles ob-
vious, wh ves may not be as clear To hel

this, we ¢ ach of the following sets:
BN A (see Flgure 9.2) and A EV‘
The order. %e? elen denoted
GORK
TIf C i

|Al. Let S'b tégers that are even and less than
15. Clearly, s the set of playing cards with no jokers,
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BO! J

HO OW%PREV e

the | = 52. There is an in lﬁ rders
of AU B and " r& umb ts in A and
B, 2 ‘ ent¥in er A or B An element hat

is in (S Wlll be counted tw1ce
|B| and we only WlSh to count
get the follo QKa:pR

é Bl = [A[ +[B| = AN B.

Example 9.1.3. O HE E/e!d ‘he
bonus q 10, @ t ‘A” while 10 students
eatly,

(J,TLS’U)GTG

ow many students made an “A”
answere onus correctly?
Solution: Usmg the a -- ré8ult, et Rﬁ s ho
make an of s ude S nswered the bonus
correctly. the question will be the order

Applyin e equatlon earns us 12 = 7 + W
our answer is 5. P
Example 9 @) s strveyed 123 always bought candy

or popcom people 45 always bought only candy while 51
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~«aw=\ Al

BL v
Ot PREVIE !

Z%gﬁﬁrggt is eagypxea te epcj::

300K pREVI EW

Exerc1ses EV
9.1.1 @0 th Let P = {2,4

an r1te out the following subsets

" Puo. REV‘EW

Download More Sports Betting Books at: www.bettingbooks.org



DOWNLOAD FULL VERSION HERE: https://bettingbooks.org/19

324 Mathematics in Games, Sports and Gaﬁbing

i &ﬂ‘l
WBQ KiesE set?
9.1.3 L e set of odd positive integers less tha
the set of p051t1ve 1ntegers less
Compute:
@ K‘P EV2 anEBthe
gy 112

set of St @ ssume that |H| = 40 and
|B| = 4. Whetis |1 U B| if
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1. Hlstory 10 V‘D time?
2 o not meet at the same time
e are 1

58 udents who ta

1.5 Let S be B n Xmubsets of S.
K expre o) the following sets.

> BUS PRE\I \EW

% s claim 232,679 peo le Bunch
and Andy Gmﬂith eve ogram.

32?!10@0‘1‘wa‘5c‘ iﬂR i‘ét peop e watch
survey at Emory Univ EW they
drlnk beer o W R k only wine.
i
i p

B

nk oth Wme? Explain the differ-

B oK PREVIEW
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1bution Tzﬁw
0.09

7 0.5319  0.5359
5 0.5714 0.5753

0.5948 0.6064  0.61: 0.6141

0.6331 0.6368  0.6406 64 0.6517

0.6700  0.673 . 0.6879

0.7054 1 15 A 0.7224

422 .74 6 L7517 - 0.7549

4 110.7734 77 g 4 0.7823  0.7852

7! 3 .8051  0.8078 0.8106 0.8133

26 0.8289 0.8315 0.8340 0.8365 g 0.8389

0.8508 0.8531  0.8554 0. 9/ 0.8621

0.8665 0. 0.8830
0.8869 62 80 9! 0.9015
0.9049 3101 0 0916 0.9177
0.9 79 B0 0.9306  0.9319

0.9406 0:9418 0.9429  0.9441

0.9495 0.9505 0.9515 0.95 95 .9545

A 0.9591 . 6, 19633

0. . 0 .9706

. 0.9713  0.9719 .9 0. 1 9767
2.0 [ 0.9772 0.9778 9, L9812 ¥0.9817
2 9 .98 . . . 0.9850 0.9854 0.9857
2 9 5 . . . . 0.9884  0.9887  0.9890
2. 9 896 0.9904 0.9906 0.9909 0.9911 0.9913 g 0.9916
2. O 92 . . 0.9927  0.9929 . 0.99 4 £3,0.9936
2.5 99 19940  0.9941  0.9943  0.9945 . E 0 0.9 52
2.6 | 0.9953 0.9955 0.9956 0.996 0.996 964
2.7 | 0.9965 0.9966 _40 0.997 973%  0.9974
2.8 02997 0. 9 0.9980 0.9981
2.9 0.9985 0.9986  0.9986
3.0 0.9989  0.9990  0.9990
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995 9975 999

3. 169

2718 3.106 3497F 4.025
3.930
3.852
13260 3.787
0

2 2.947 3.286 3.733

2.583 2921 3.2 .686
.56 . .646

. 3.610

3.174 ¥3.579

3.1563  3.552

2518 3.135 3,527

1.060

0. 858

O 854 1. 055
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Problem 6Kun;.§ V \Ew
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Problem 2.7.1 & E ‘Ew
B’KS OBaB

Problem 4 2.2

oREVIEW
Qoblem 7 @@W P R \EW purge as

‘—\I—\"
‘ 2
1 2 3 4 1 3 8
1S 6 7] | 4 B
8 9 10 5 6 7
6—purge L-purge

B@U h Larhng for Problem 7.6.1.

1. 6 B Kft number 1 in Figure 9.4) is empty
tx nurnber 3 in Flgure 9. 4 is

fille
) 10 — 8; (3) 7 — 5;
2. L ﬁ ft x gu e 9 4) is empty
and b 1gure 9. 4 is filled. Moves
)T — 5
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Problem 7.6.2 EV ‘ W
’ ( DENE A
— g!\

e 01— (21)
1,2, 50 2 (-1,-3) — (-1,-1)
?Q‘g (1-3) = (-1,-3)
&

B@ C
PmbleaQ§ P

P%n“.‘&(‘ac? Ey )by your opponent.
Problem 8.3.5 North !aEW\n If
trea

Pro QAnother Nim variant. WV
piles. E
Problem 8.5.1 Use one redK P‘REV \CEW
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(LH) (1,T)2H) ,1)(3.H) G.1)EH) 4T 5.H) 5,T) (6,H)(6,T)

IGURRE 9.5 Thﬁ‘REVG‘EW
%%%3“ “pREVIEW
i gaﬁ%&m&"f
Section 14 K P REV \Ew

1.4.2:

1.4.4:

146P mof80rdoubles=1—58

1.4.8: P(two heads) 0, — M

1. 4 10 ‘Q perbowl ticket)

1. 4 12 P( 1l camps | ﬁrst round producti I‘EW
Section 1.5 P ‘ V

1.5.2: 52! BO

1.5.4: 22,10
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s DREVIE
Béz%&i%@? REV “gl‘l‘l
ﬁK pPREVI 2N
wO0K PREV s
500K PREVIE

C1-P(E)°

a00K PR

1.8.10

1.9.2: 2
1.9.4: 7,
1.9.6: 6.188; 2.487.

ChaptBOOK PR

Section
2.2.2: 0.002.

2.2.4: 2210

2.2.6: 0.111 O

2.2.8: 0.0851
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Section 2.3
‘@ RoPe S Sb (red and 2)
Roulette: EV( m

236 The 3 nu ou te are 6 num-
R Sd bet on any two rows are 32:6.
3 bers in any 4—number squ s of a bet
any 4-number Squar ‘ choices in
any 12-number

BO0K BREVEW

1st Roll P(1st

2.4.6: B
2.4.8: The house advantage an
12 bet is jus %ue ow the true

odds fo ’ et and a hard 12 bet are 10:1, 8:1
and 35 Hence, using the pay0uts from Taﬁw

house advantage ( house edge ) for each b

EV (hard 8 bet) = L (

EV (ha

EV haB ) = O 167
2.4.10: -0

BO@K P REV VAEW

Download More Sports Betting Books at: www.bettingbooks.org




DOWNLOAD FULL VERSION HERE: https://bettingbooks.org/19

334 Mathematics in Games, Sports and
Section 2.5
all dP t car is, then he can open
o ) behind it and the a
) ,3 The followi t robablhtles
The entry I\R e P(H2|C1), the
of ives the P(Hs:|C: i r
3
6 6 G
E & 1 1 T
1315 |5 |&

BOOKP 6

32 6 6

B 260\( PR

nOK P
iﬁ?OKPRENEW
500K PREVIEV
;ﬁ@makﬁwﬁﬂEN

secﬁonBO ij W

2.8.2:
6

0

N
— Ot
—

Nelld)
I

o~
=
fo!
1
o~
=
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2.8.4: 9, w
o RE VIE
; : Kst 1) o if the oppon egfnot win on
gcond oll, then double the S
2.8.10: 3.
.8 ' should not double the stake. If
@ ou hould not accept do opponent
seeond roll. RE
322 EVsp ﬁEV‘E ‘ '
345
4 ' ) 0.00096.
0 697.
3 2.10: n 203P R
be
Section K P R
e
3.34 ' 90 w
i E\]
3.3.8: 3 K
3.3.1
3.3.12: V \E \ h'
Sectlon 3.4 ? E
3.4.2: @ 46; 4 0.0892; (5) 0.9975.

3.4.4: 0.1839; (3) 0.3679; (4) 0. 6321

3.4.6: (1) 0.0067; (2) 0. 0337 0 1 R V ‘Ew
Sectlon Q

3.5.2: ) 0.0027;

3.5.4: O 1936; (2) 0. 0308 ) 0. OOp R ‘

Section 3.

3.6.2: $m; $
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3.6.4: $20, $30 $45. EV‘
B@ ; grows larger wit EV ‘EW be seen to

grow clos¢
ctl 0 V \E
0 n card 7Q.
) Joker 6@ face
4.2. 6 4. RE

4.3.2: 0.625.

Section 4BOK PRE

Download More Sports Betting Books at: www.bettingbooks.org



DOWNLOAD FULL VERSION HERE: https://bettingbooks.org/19

Appendix 337
4.3.4: 0.6301. ‘Ew
B‘:e ion 4.4 V ‘Ew
4.4 2% ﬁ a rick?k e ifsthe %ictim lies to you about the
»/ & e\any number he spells out moves ird from the
n4 Ol (as any number from LyOis i a e letters).
Then when he spellglof, i rd fifth e bottom (in the
@ he spells Qut the card, it keeps the card in
e (asfany suit is spelled with at lea
4.4: Answers maKy. P R
Zﬁ‘ If Al kills either Bob o r%t\f 1 aning)
C&ter 5% V \Ew
Section K PR
5.2.% 6 b
5.2.4%]; Al E
5.2.6: Bob had agbetterfaver -hande ing, right-
handg@pit¢hing icht game are 1dered separately. Whereas
| L
ter/average when

Al had a Be left- /right-handed pitching was compi
with a"day/night game. Also, Al had overalEV‘

Sectio O OK F R

5.3.2: 7

5.3.4: Answers may vary.
5.3.6: NCAA rating = [(8.4-

538 An§

Section

5.4.2: Robertson seone an \PR
5.4.4: The CE t Teoks"almost like American stem plot
e 19

as leading a s are higher than 1980s.

ards)+ (330
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IQZOF Elx g Os
33

3 4

P REWEW

0.40
0.351

]
B 0 ' 0335 |
5.4.14: mean = 39. 9 REVMA-EWL

v

Sect

5.6. 2 89 o, 95%.

5.6.4: Runner 1, w1th weight of 1 V
5.6.6: 86

5.6.8: 8

5.6.10:

5.6.12: Ward brought approximately 9 EW
ricanes in 2007-2008 ﬁK&H HIR

R OK PREVIEW
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Section 6. 3 REV ‘Ew
BDQ%HH is ,u 0.6 w = 0.65
5. The test
0. %i; crltlcal region is Z < —1.96 or
ince the test value is i reject the
null hypothesw ’HOP V‘ sis H,-
0.05/

\/W = 6. The criticalgregion is
1 6 or Z > 1.96. Si e critical
reglon reject, the nul LR% ternative

‘ESD(& ror) = 0.05. Y ‘ é
E u = 3 and
fs nlﬁcance a = 0.02. T stp vdlue is
s VA TS .6. The critical test

regio
value is in the ¢ 0 RW vor of
the ‘K
so the hypotheses are

0
with level of s1gn1ﬁc e is
.821

=, ce @ Kme crltlcal region, accept the
Section 6.5 Rg \E
6.5.2: east squares approxi-
mating 1024 258.
6.5.4: T corre atlon coefﬁc1ent = 0.9074 ; the

mating line is y = 2759 2443: — 05 V‘ W
6.5.6: The corr
-0.088

6.5.8: Th

Section 6.6 V ‘Ew
6.6.2: Tram 00 = 1?2

6.6.4: Yastr @ .334.

6.6.6: River A=56 X 0.255 = 0.316.
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Section 6.7 VLE

6. is p B es are Ho : pw = UR
B E levBl

@ K of significance o = 5.AThe t-statistic
62—1589 _ — KE)W —2.365 or
(506 51) (515. 33)
E @m n the critical region,
@ i
he claim is pw = p Uw = KR

and Hg : R AWith h t-statistic
o rlt cal region is t < —2.998 or

.{"‘
B ' ;= 7 Slnce the test Wl region,
accept the null hy
% E ry
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560K PREVIEW

o,
O
O
=
.

Ll NI V]

7
2
K PREXAE
B 318 5 9|4
7 6
3

Section 7.3 EV ‘Ew

7.3.2: P

7.3.4:@’ move dlsk 1 to peg 3; moye

disk 2 ) move dlSk 1 to peg 1; (5) move d 25

move disk 1 to peg 3. %‘!

7.3.6: Three white s ar % (B3),

with being the largest dlsk

Peg 1 co he' d B2 W1, peg 2 contains the dlsks

B1; and peg 3 is empty. There are 10 moves i

is optimal. Here is the list W

B2 to pe Kg F to peg 3; move
SO0k

W2 to p move W1 to peg 1; 8
B1 to peg

ve B2 to peg 2; ) move B
7.3.8: See Figure 7.7. Let W1( EV&
and W2( th ‘ R P to peg 2;
(2) move V\E 1 t6 peg 1 move W1 to peg 3;
(5) move B 6 move B2 to peg 1; (7) move Bl to peg 1.
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Section 7.4 V Lg q a

cu bPOB ard posmons as illus-

h color coordlnatlon d 1gure 9.6.
ube 2 in the bo e 2, Cube

3 on top 6 ﬂ b 3.

BO ——1 N \ '
G w R

G W R B R G W B B R G W
B( R G B W
w R B G

Cube 2 Cube 1 Cube 3 Cube 4

By s YEWN-
K PREV
MBQ:Q\&-IDRFV \Ew

W W
B W G B W G B W G B W G|’
W w W W

R R R R
Cube 1 Cube 2 Cube 3 Cube 4 W

FIGURE 9.7: ﬁe K PREVer‘ B

7.4.6: No Take all white, all green, all bl w

7.4.8: 41,472, R
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Sectlon 7.5 V\
7. P thi hght ) press the
( @ 4 s t 11g t.
1) Press 1; press o press 1, 2,
3 agam igs
p SS 2 press 4 Now you repeat
' a have pressed all the 11 ult would
t change if the path W
7.5.8: z 70 ‘R
i 6.2: The poss1b1 m Wﬁ)OSItIODS
%@ t ca ositions (
ere 1s a one-peg solutl

eEWabeled

z and y, then ﬁ ‘ Q EE labeled z

Br 0 opén h th labeled z, then there is

7.6 he possible p051t10ns f ‘EJWH the
posmons labeled B ca

“ "A-D,G-B,B ‘

. ’1)
(13) =

21 H(z 1)
(3.1) — (3-1)

21 —
(1-1) —

ome oK PREVIEW

8.2.2: P- B 30, 36; N-positions: re
824 6912 15, 18, 21, 24, 27 XE
0 2 4, 6 8,10, 1 RSE
HE Q0K
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Section 8.3 V
a 1n 7c

Ve ps fr ips.

from the fourth pil ChlpS.
3 85 102 56 27, ‘%
(2) (53 ﬁ
@@W& :

%’ 53,53)9
3 10 Start with an W 4 and 5.
ge rom the prev1ous step.

for 0 Vertlces SO not
Sectlon 8. bK P RE

1 [ 5] 6T 81 9T 10 |§ ﬂ
B x) = 0 for all even z REV ‘Ew
(PR,

L Big | 3 [ 0 [\O] OFf 00 |4 |
2 3]0

If youBc with odd number of ChlpS then Sprague-
values are as follows: ‘
8e(d

0|3|0 w
8.4.8: The EM)n va;ues for

each square A or Wythoft’s game with a
rook startin pper rlght p051t10n of the board.
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Appendix 345
N
| 0 "1
5|41 3

ocked down and there are

;Ka \ggame with two p11 dfi1/chips. So
sum 1s 10102 Hence t ‘ down 7

and 8 pins tog

GKVFG of chips and n is the pumber

=1 and sg(x start

= 0 for
Ven number of chips, ‘ t1 ues are
as follows;
2 7
B 0

516 7|8|9|1O 1
T[0[2]0 0

| Ut

[§
2
22
0

21
g6 [ 0 [ 1 W

Secti&O

8.5.2: (a) 14%; ( 2%2’ )PREV‘E

Sectio

8.6.2: with 2 leaves in the middle fro e lef
tree.
8.6.4: Answers may var P RE

Section OK

8.7.2: 1. 5 W
8.7.4: Let G = {GL G} and EV
G*; and OF % P

8 76 Let Gé ~G®}. Hence, —(—
Gl = G.
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Section 8.8 P REV ‘

géz An?théva deREV ‘E\JJA UBUC

B 9 B

B 0 o
t
\

(L (2) (3) [
s /{
B
A

DFMRE 9. 8 Venn diagrams foﬁv \Ew
9.1.4: bﬁK% 2) [HUB|=40+45—15="170

9.1.6: |

sl OéwaEV \eW
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